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al  j o ; l i i i .s
by
.hYKXi.J A BJAUiUaulD
In  t'ne p r e s e n t  p a p e r  we o b t a i n  so n e  g e n e r a l  r e s u l t s  c o n c e r n in g
u n iq u e  f a c t o r i z a t i o n  w i t h  r e s p e c t  t o  r i g h t  q u o t i e n t  n o n o id s  i n  a  weal: 
B ezou t  d o . l a in  '1 s a t i s f y i n g  t h e  a s c e n d in g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  
r i g h t  i d e a l s ,  t h e s e  r e s u l t s  i n  t u r n  a r e  u s e d  t o  descr5 .be  s o n e  t y p e s  o f  
u n iq u e  f a c t o r i z a t i o n  t h a t  o c c u r  i n  II.
n o n o id  i n  A i f  i t  i s  a  s u b n o n o id  o f  th e  m u l t i p l i c a t i v e  m onoid  o f  non­
z e r o  e le m e n t s  o f  A and  s a t i s f i e s  c e r t a i n  r i g h t  q u o t i e n t  c o n d i t i o n s .  I f  
i n  a d d i t i o n  II i s  a  we a - B ezo u t  dom ain  s a t i s f y i n g  t h e  a s c e n d i n g  c h a in  
c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e . i s ,  we p r o v e  t h a t  e a c h  n o n - z e r o  e le m e n t  
z o f  I  c .xi be  f a c t o r e d  i n  t h e  fo rm  z = r s  w here  s e  3 a n d  r  h • .s no n o n - u n i t  
r i g h t  f a c t o r  i n  3* t h i s  f a c t o r i z a t i o n  i s  u n iq u e  i n  t h e  s e n s e  t h a t  any 
o t h e r  su c h  f a c t o r i z a t i o n  m u s t  have  th e  fo rm  z  = ( r u ) ( u ”^ s )  w here  u i s  a  
u n i t  i n  A. A c o l l e c t i o n  o f  r i g h t  q u o t i e n t  m ono ids  \ < * e l j  i n d e x e d  
by  an  i n i t i a l  se g m e n t  o f  o r d i n a l s  I  i s  c a l l e d  a r i g h t  q u o t i e n t  c h a in  i n  
a n  i n t e g r a l  dom ain  A i f  ^ 3 ^  = 3* i f  i s  a  l i m i t  o r d i n a l  i n  I  and 
S„ 3^ 5.f 0 ,  o( 6  I .  I f  i n  a d d i t i o n  R i s  a  w e a l  B ezou t  dom ain  s a t i s ­
f y i n g  th e  a s c e n d i n g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s  t h e n  we 
a r e  a b l e  t o  p ro v e  t h e  f o l - o w i n g .  Bach n o n - z e r o  e le m e n t  z  o f  A c a n  b e  w r i t t e n
   —  -  —  ■ ^ n ,
A s u b s e t  3 o f  a n  i n t e g r a l  dom ain  A i s  c a l l e d  a  r i g h t  q u o t i e n t
a h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  S
iv
g ro u p  o f  u n i t s  o f  R ) ,  and s h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  .  I h e
f a c t o r i s a t i o n  i s  u n iq u e  i n  th e  s e n s e  t h a t  i f  z = r b -  , . , b .  i s  a n o t h e r
^ 1  n
su c h  f a c t o r i z a t i o n ,  t h e n  n  = n ,  ^  = $ .  ( i  = 1 , 2 , n ) ,  and t h e r e
a r c  u n i t s  u Q, u ^ ,  u i n  R su c h  t h a t  s  = r u 0 , a .  = u n - i b<j » ancl
_ 1  n "  n  "  ^  
a .  ~ u .  b  u .  ( i  ?  0 , n ) ,o< . 1- 1  1
t n e  ' p l i c a t i o n  o f  th e  ••■receeding r e s u l t s  d e a l s  w i t h  u n iq u e
d>0f a c t o r i z a t i o n  o f  a l l  o f  t h  n o n - z e r o  e le m e n t s  o f  a  PRI dom ain R« I n f
p r im e s  a r e  d e f i n e d  f o r  e a c h  n o n - l i m i t  o r d i n a l  of .  I n f p r i m e s  a r e  t h e
1*0u s u a l  p r im e s ,  and i n f  p r im e s  h a v e  i n f i n i t e  d im e n s io n  i f  of /  0 .  ,:e
u ro v e  t h a t  e a ch  n o n - z e r o  e le m e n t  a  o f  1, c a n  be f a c t o r e d  a s  = z ,  « .  . z
w here  z  , i s  a u n i q u e l y  d e te r m in e d  n r o d u c t  o f  i n f  1 n r i n e s
( i  - 1 , 2 ,  • • . ,  n ) ,  die f a c t o r i z a t i o n  i s  u n iq u e  i n  t h e  s e n s e  t h a t  i f
a ~ y .  , . , y  0 i s  a n o t h e r  s u c h  f a c t o r i z a t i o n  th e n  n = n ,  ex'. = /
1 1 *-
( i  = I ,  2 ,  n ) ,  and  t h e r e  a r e  u n i t s  u ^ ,  , ^  R s u c h  t h a t
v ,  = V ‘u  v  = ' i - i V  and  h .  = “ i - l ' W l ' i  w  *  n ) *1 1 n  n  i  i
A n o th e r  a p p l i c a t i o n  o f  t h e  g e n e r a l  r e s u l t s  d e a l s  w i t h  t h e  s e t
R ! o f  f i n i t e  d im e n s io n a l  e le m e n t s  i n  a r i g h t  h e z o u t  dom ain II, An e le m e n t
i n  11' i s  c a l l e d  p - p r i n a r y  (p a  p r im e )  i f  i t  i s  a  p r o d u c t  o f  p r im e s  t h a t
a r e  s i m i l a r  t o  p ,  h a t  th e  members o f  R 1 c a n  be f a c t o r e d  i n t o  p r im a ry
e le m e n t s  f o l l o w s  e a s i l y .  Under c r t a i n  c o n d i t i o n s  we r e  a b l e  t o  mrove
t h a t  th e  ' r i m a r y  f a c t o r i z a t i o n  i s  u n i q u e  i n  two d i f f e r e n t  r e s p e c t s .  I n
one c a s e  i f  an  e l e m e n t  z  i n  IV c a n  be g i v e n  two p r im a r y  f a c t o r i z a t i o n s
:■ = a » .« a  = b • • • b  v.’h c r e  a. and  b a r e  n. - p r i m a r y  s u c h  t h a t  
P i  Pn  P i  Pn P i  P i
P j O ^ p j  i f  i  j* j ,  t h e n  t h e r e  a r e  u n i t s  u x , u i n  R s u c h  t h a t
a n = b p u t , a  = u n - l b p* and  a n “ Ui - l b n u i  ( i  *  -•» n ) * In  th e  ° t h e r  
i ‘ 1 n  n  ‘ i  p i
c a s e  we assum e t h a t  some n o n - u n i t  e le m e n t  z o f  R* c a n  be  g i v e n  a  p r im a r y
f a c t o r i z a t i o n  z = a  , , , a  w here  a a r e  p . - u r i n a r y  s u c h  t h a t  n . r / ' pPx p n  n
v
i f  i  S* j .  he p ro v e  t h a t  i f  z = b .  . . b  i s  m o th e r  f a c t o r i z a t i o n  o f
qi  °n
• i n t o  o -nrimary e le m e n ts  b  su c h  t h a t  q .  ^  q . ' f  i /  j ,  t h e n  t h e r e  
A q^ i
i s  a  ’ e m u t a t i o n " J T  on  ( l ,  2 ,  . . . ,  n ]  s u c h  t h a t  a '  1/
!’i  q /T(i)
( i  = 1 , 2 , n ) ,  ( ih ^  sym bol ,—  ^ d e n o te s  s i m i l a r i t y ; .
' th ro u g h o u t  th e  p a p e r  s e v e r a l  ex am p les  a r e  d i s c u s s e d  i n  d e t a i l  
i n  o r d e r  t o  i l l u s t r a t e  t h e  t h e o r y  and  i n d i c a t e  t h e  n e c e s s i t y  o f  some o f  
t h e  h y p o t h e s e s .  I n c lu d e d  i n  one o f  t h e  e x a m p les  i s  A. V. J a t c g a o n k a r ' s  
r e c e n t  t h e o r y  o f  s  :ew p o ly n o m ia l  e x t e n s i o n s  by w hich  i t  i s  p o s s i b l e  to
( j ,
c o n s t r u c t  P H  dom ains  w i t h  i n f  p r im e s  w h ere  of i s  any i n i t i a l l y  g i v e n  




I n  th e  p r e s e n t  p a p e r  we <b t a i n  so>e g e n e r a l  r e s u l t s  c o n c e r n in g
u n iq u e  f a c t o r i s a t i o n  w i t h  r e s p e c t  t o  r i g h t  q u o t i e n t  m onoids i n  a weak
B ezou t dom ain R s a t i s f y i n g  th e  a s c e n d in g  c h a in  c o n d i t i o n  f o r  p r i n c i p a l
r i g h t  i d e a l s .  These  r e s u l t s  i n  t u r n  a r e  u s e d  t o  d e s c r i b e  some t y p e s  o f
u n iq u e  f a c t o r i z a t i o n  t h a t  o c c u r  i n  It,
die known t y p e s  o f  u n iq u e  f a c t o r i z a t i o n  t h a t  o c c u r  i n  a weak
B ezout do :a in  .1 d e a l  w i t h  th e  s e t  o f  e l e n e n t s  A' o f  R t h a t  h a v e  f i n i t e
d i m e n s io n ,  f o r  exam ple  i t  i s  w e l l  known (Theorem  1 )  t h a t  e a c h  member z
o f  A c a n  be f a c t o r e d  i n t o  p r i m e s :  z = p ^ ,» « P n > find i f  z = cl^«»«(3ri i s
a n o t h e r  s u c h  f a c t o r i z a t i o n ,  t h e n  n  = m and  t h e r e  i s  a p e r m u t a t i o n  Tf on
^1 , 2 , n^ su c h  t h a t  p^ and  ^ a re  s i m i l a r  ( i  = 1 , 2 , . n ) ,
f o r  a  PRI dom ain  a a n o t h e r  ty p e  o f  u n iq u e  f a c t o r i z a t i o n  f o r  t h e  members
o f  R’ i s  d e s c r i b e d  by 1 . m, J o h n s o n  i n  [9[ ,  An e le m e n t  a € R '  i s  c a l l e d
s im p le  i f  0 l » 3  h a s  t h e  p r o p e r t y  t h a t  [am , .^ =  ^ail, V  R^  i m p l i e s
a = aR o r  1) = n ,  J o h n so n  p ro v e s  t h a t  e a c h  c le m e n t  z o f  R* c a n  be f a c t o r e d
i n t o  s im p le  e le m e n t s  z = a _ ^ , , ,a n  su c h  t h a t  no s u b p r o d u c t  a i # , , a . ,  i  C j ,
o f  z i s  s im p e .  Any o t h e r  f a c t o r i z a t i o n  o f  z  i n t o  s im p le  e le m e n t s  o f
t h i s  t y p e  m ust have  th e  fo rm  z = p u u .  M u " 1 .! ,  w here-1- x 1 2 2 n - j .  n
u ^ f a r e  u n i t s  i n  R.
me d e s c r i b e  two a d d i t i o n a l  ty p e s  o f  u n iq u e  f a c t o r i z a t i o n ,  Hie 
f i r s t  c o n c e r n s  aim o f  t h e  n o n - z e r o  e le m e n t s  o f  a PRI dom ain  R, and t h e  
se c o n d  d e a l s  w i th  t h e  members o f  A1 i n  a r i g h t  B e z o u t  dom ain  R, B o th  a r e  
o b t a i n e d  by a p p ly i n g  more g e n e r a l  r e s u l t s  c o n c e r n in g  u n iq u e  f a c t o r i z a ­
t i o n  w i t h  r e s p e c t  t o  r i g h t  q u o t i e n t  m o n o id s .
A s u b s e t  o o f  an  i n t e g r a l  dom ain  ^  i s  c a l l e d  a r i g h t  q u o t i e n t
1
2monoid i f  i t  i s  a  subm onoid  o f  t h e  m u l t i p l i c a t i v e  m ono id  o f  n o n - z e r o  
e le m e n t s  o f  R and  s a t i s f i e s  c e r t a i n  r i g h t  q u o t i e n t  c o n d i t i o n s ,  i f  R 
i s  a  wea: B e z o u t  do a n  s a t i s f y i n g  th e  a s c e n d i n g  c h a i n  c o n d i t i o n  f o r  
p r i n c i p a l  r i g h t  i d e a l s  \ie p ro v e  ( F a c t o r i z a t i o n  lemma,/ t h a t  e a c h  non ­
z e r o  e le m e n t  z o f  c a n  b e  u n i q u e l y  w r i t t e n  i n  th e  fo rm  z = r s  ivhere 
s e 3  and  r  h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  3 .  T h is  f a c t o r i z a t i o n  i s  
u n iq u e  i n  t h e  s e n s e  t h a t  any o t h e r  su ch  f a c t o r i z a t i o n  m ust h a v e  th e  
fo rm  z -  ( r u ; ( u " 1s ;  w here  u i s  a u n i t  i n  R. A s e t  o f  r i g h t  q u o t i e n t  
m onoids  1^ i n d e x e d  by  an  i n i t i a l  se g m e n t  o f  o r d i n a l s  I  i s
c a l l e d  a  r i g h t  q u o t i e n t  c h a i n  i n  an  i n t e g r a l  dom ain R i f  ^
i f  i s  a l i m i t  o r d i n a l  i n  I  and  3^ C i f  ft < o( , P , £  I .  I f  R i s  a
wen B e z o u t  dom ain  s a t i s f y i n g  th e  a s c e n d in g  c h a in  c o n d i t i o n  f o r  p r i n c i ­
p a l  r i g h t  i d e a l s  t h e n  we a r e  a b l e  to  p ro v e  th e  f o l l o w i n g .  Bach non­
z e ro  e le m e n t  :: o f  R c a n  b e  w r i t t e n  as /  = s a  . . . . a  w here  a r e  n o n -
°<1 S i  *
l i m i t  o r d i n a l s  s u c h  t h a t  g> . .  ^ , a ^  h a s  no n o n - u n i t
i  i  l  __
r i g h t  f a c t o r  i n  ^  d e n o te s  th e  g ro u p  o f  u n i t s  o f  A ), and s
h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  \ J  S . ,  The f a c t o r i z a t i o n  i s  u n iq u e  i n
« € I
t h e  s e n s e  t h a t  i f  z = rb_  • ♦ • ty  i s  a n o t h e r  s u c h  f a c t o r i z a t i o n ,  t h e n
1 m
n = m, = fi. (.i = i ,  2 ,  n ) ,  and t h e r e  a r e  u n i t s  un , u  , u
u 1 n —1
i n  R s u c h  t h a t  s  = r u  ,  a .  = u " 1 b ,  , and a ,  = u 7 1 , b  , u .  ( i  ?  0 .  n ) .
0 °<n n - l ^ n  °<i  l - l  ^  i  *
Our f i r s t  a p p l i c a t i o n  o f  th e  p r e c e e d i n g  r e s u l t s  d e a l s  w i th
u n iq u e  f a c t o r i z a t i o n  o f  a l l  o f  t h e  n o n - z e r o  e le m e n ts  o f  a PRI domain R.
I n f  p r im e s  a r e  d e f i n e d  f o r  e a c h  n o n - l i m i t  o r d i n a l  o(  .  I n f ^ ^  p r im e s
a r e  t h e  u s u a l  p r i m e s ,  and  i n f ^  p r im e s  h a v e  i n f i n i t e  d im e n s io n  i f
P 0 .  Be p ro v e  (Theorem  5 )  t h a t  e a c h  n o n - z e r o  e le m e n t  a  o f  R c a n  be
f a c t o r e d  as  a  = z  . . . . z ,  w here  z , i s  a u n i q u e l y  d e t e r m i n e d  p r o d u c t  
* 1  n °<i
o f  i n f ^ - ^  p r im e s  ( i  = 1 ,  2 ,  . . . ,  n ) .  The f a c t o r i z a t i o n  i s  u n iq u e  i n
t h e  s e n s e  t h a t  i f  r. = y . . . y  .  i s  a n o t h e r  s u c h  f a c t o r i z a t i o n  t h e n  
n = m, o(. = ( i  = 1 , 2 , . . . ,  n ) ,  an d  t h e r e  a r e  u n i t s  u  , . . . ,  u
1 1 J. H J.
i n  It s u c h  t h a t  z  , = y■ U - , z , = u f ^ y  ,  and  z , = u T ^ y ,  u .  ( i  /  1 ,  n ) ,
* 1  1 %  n  1 -1  ^ i  1
d ie  s e c o n d  a p p l i c a t i o n  o f  t h e  g e n e r a l  r e s u l t s  d e a l s  w i t h  th e
s e t  o f  e le m e n ts  It' i n  a r i g h t  B e z o u t  dom ain  It. An e le m e n t  i s  c a l l e d
p - p r i m a r y  (p  a  p r im e )  i f  i t  i s  a p r o d u c t  o f  p r im e s  t h a t  a r e  s i m i l a r
to  p .  S in c e  a  member z  o f  R '  i s  a  p r o d u c t  o f  p r i m e s ,  s a y  p ^ ,  t h e n  z
i s  th e  p r o d u c t  o f  p ^ - p r i m a r y  e l e m e n t s .  U nder c e r t a i n  c o n d i t i o n s  we a r e
a b l e  t o  p ro v e  t h a t  t h e  p r im a r y  f a c t o r i z a t i o n  i s  u n iq u e  i n  two d i f f e r e n t
r e s o e c t s .  I n  one c a s e  (Theorem  9 )  i f  z  = a . . . a , ,  = b  . . . b  a r e  two
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f a c t o r i z a t i o n s  o f  z i n t o  p - p r i m a r y  e le m e n t s  a  t b  su ch  t h a ti  y  1 p. * n .  * a - i1 1  J
i f  i  /  j , t h e n  t h e r e  a re  u n i t s  u u  .  i n  1  s u c h  t h a t  a = b u - ,1 n —i  p.. p.. i
- 1 - 1a = u b  , and  a = u . ..b,, u i  ( i  /  1 ,  n ) .  I n  t h e  o t h e r  c a s en__ n - 1 !J D. 1 — J. 1J.*Jn  n i
(Theorem  1 0 ) we assum e th a *  some n o n - u n i t  e le m e n t  z  o f  it* c a n  be g iv e n
a p r im a r y  f a c t o r i z a t i o n  z  = a . . . a  w here a_. a r e  p - p r i m a r y  and
P1 pn  i  i
p r / ' p .  i f  i  1  j .  he p ro v e  t h a t  i f  z  = b . . . b ^  i s  a n o t h e r  f a c t o r i z a -
1 J ql  m
t i o n  o f  z  i n t o  r .  - p r i m a r y  e le m e n t s  b  su c h  t h a t  p . n ^ p .  i f  i  /  j ,  t h e n
i  l  J
n  = m and  t h e r e  i s  a  p e r m u t a t io n  T T o n  ^L, 2 ,  n} s u c h  t h a t
a ,—'b  ( i  = 1 ,  2 ,  n ) .  (The sym bol ’V - '"  d e n o te s  s i m i l a r i t y ) .
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h e  p r e s e n t  p a p e r  i s  s e l f  c o n t a i n e d  and i s  d i v i d e d  i n t o  f o u r  
c h a p t e r s ,  ih e  f i r s t  c h a p te r  c o n t a i n s  p r e l i m i n a r y  d e f i n i t i o n s  and  w e l l  
hnov/n r e s u l t s .  The d e f i n i t i o n  o f  B e z o u t  dom ains  and  Theorem 1 c o n c e r n in g  
u n iq u e  p r im e  f a c t o r i z a t i o n  f o r  weak Bezottt dona  i n s  a r e  due t o  P .  M. C o h n [2] .  
Theorem 2 w h ich  g e n e r a l i z e s  Theorem 1 f o r  weak B e z o u t  dom ains  a p p e a r s  
t o  be new.
In  C h a p te r  2 we d e f i n e  r i g h t  q u o t i e n t  m onoids  i n  an i n t e g r a l  
dom ain  It, I f  5 i s  a  r i g h t  q u o t i e n t  m onoid  i n  it, t h e n  i t  i s  p o s s i b l e  to
f o m  a r i g h t  q u o t i e n t  r i n g  K = A3" 1 • 'Ihe r i n g  K i s  ;m i n t e g r a l  dom ain  
c o n t a i n i n g  A w i t h  t h e  p r o p e r t y  t h a t  t h e  s e t  o f  u n i t s  o f  It t h a t  b e lo n g  
t o  1 i s  p r e c i s e l y  3 .  in  S e c t i o n  2 ,1  we p ro v e  a  num ber o f  lemmas c o n c e r ­
n i n g  1 and  I n  p a r t i c u l a r  we d e te r m in e  t h o s e  ->rone r t i e s  w h ich  when 
p o s s e s s e d  by .{ a r e  a l s o  p o s s e s s e d  by  K, he a l s o  d e s c r i b e  ( dieorein 4 )  
th e  r e l a t i o n s h i p  b e tw e e n  th e  l a t t i c e s  o f  r i g h t  i d e a l s  o f  A an d  K r e s ­
p e c t i v e l y ,  In  l e c t i o n  2 ,2  we • ro v e  two hey  r e s u l t s  c o n c e r n i n g  u n iq u e  
f a c t o r i z a t i o n  i n  a  weak B e z o u t  dom ain .! s a t i s f y i n g  t h e  a s c e n d i n g  c h a i n  
c o n d i t i o n  f o r  ; r i n c i p a l  r i g h t  i d e a l s v The F a c t o r i z a t i o n  l e n n a  d e a l s  
w i t h  u n iq u e  f a c t o r i z a t i o n  w i t h  r e s p e c t  to  a r i g h t  q u o t i e n t  m onoId , T h is  
r e s u l t  i s  u s e d  r e p e a t e d l y  i n  p t e r  4 to  o b t a i n  t h e  th e o re m s  c o n c e r n in g  
t h e  p r im  r y  f a c t o r i z a t i o n ,  he a l s o  u s e  t h e  F a c t o r i z - . t i o n  lemm . to  ; ro v e  
t h e  F a c t o r i z a t i o n  th eo re m  w h ich  d e a l s  w i t h  u n iq u e  f a c t o r i z a t i o n  w i th  
r a s p e c t  to  a r i g h t  q u o t i e n t  c h a i n .
In  C h a p te r  1 ,  l e c t i o n  1 , 1 ,  we n n p ly  t h e  F a c t o r i z a t i o n  th eo re m  
to  a p a r t i s u l r  c h a i n  o f  r i g h t  q u o t i e n t  m ono ids  t h a t  e x i s t s  i n  a PHI 
dom ain  A. d i e o r e n  5 c o n c e r n in g  u n iq u e  f a c t o r i z a t i o n  i n t o  p r o d u c t s  o f  
i n f i n i t e  p r im e s  r e s u l t s .  I n  S e c t i o n  3 , 2  we o b t a i n  .some s p e c i a l  r e s u l t s  
f o r  th e  l o c a l  c a s e .  I n  p a r t i c u l a r  we d e te r m in e  c o n d i t i o n s  u n d e r  w h ich  
m i  dom ain  i s  a l s o  a I’L l  dom ain  (Theorems 6 and  7 an d  th e  c o r o l l a r i e s ) . .  
I n  s e c t i o n  3 ,2  we i l l u s t r a t e  theorem 5 w i t h  an  e x a m p le .  I f  s u c h  an 
ex.mp.te i s  t o  b e  n o n - t r i v i a l  i t  m u st  be a p;’i  dom ain c o n t a i n i n g  e le m e n t s  
o f  i n f i n i t e  d im e n s io n .  U n t i l  r e c e n t l y  few  s u c h  r i n g s  w ere  known, .however 
t h e y  uo o c c u r ,  f o r  e x a m p le ,  i n  | 5 ,  p ,5 9 C ] ,  Ih e  exam ple  t h a t  xve d e s c r i b e  
i n  S e c t i o n  3 ,3  d e a l s  w i t h  A, V, J a t e g  ion’zsr*s  r e c e n t  t h e o r y  o f  shew 
p o ly n o m ia l  e x t e n s i o n s  M .  U s ing  h i s  m ethods  i t  i s  p o s s i b l e  t o  c o n s t r u c t
M )a PHI dom ain  c o n t a i n i n g  i n f  p r im e s  w here  o{ i s  an i n i t i a l l y  g iv e n
5o r d i n a l  t h a t  i s  n o t  a l i m i t  o r d i n a l ,  .heorem G i s  a  r e s t a t e m e n t  o f  
Theorem 5 f o r  t h i s  s p e c i a l  c a s e .  I n  S e c t i o n  3 . 4  we g iv e  an  exam ple  
o f  a  n o n - 3 e z o u t  dom ain  to  i l l u s t r a t e  how some o f  t h e  d e s i r e a b l e  p ro ­
p e r t i e s  n a y  f a i l  t o  h o l d  i n  t h a t  c a s e ,
d n o t h e r  a p p l i c a t i o n  o f  th e  r e s u l t s  o f  S e c t i o n  2 , 2  i s  made i n  
C h a p te r  4 .  I n  S e c t i o n  4 .1  v/e u s e  t h e  f a c t o r i z a t i o n  lemma to  d e s c r i b e  
two h in d s  o f  u n i q u e n e s s  t h a t  c a n  o c c u r  i n  t h e  p r im a r y  d e c o m p o s i t i o n  
o f  t h e  e le m e n t s  o f  f i n i t e  d im e n s io n  i n  a  r i g h t  d e z o u t  dom ain . ('.Theorems 
9 and  1 0 ) ,  I n  S e c t i o n  4 ,2  v/e g iv e  an  exam ple  to  i l l u s t r a t e  t h e  n e c e s s i t y  
o f  some o f  t h e  h y p o t h e s e s .
I t  i s  a  p l e a s u r e  f o r  t h e  a u t h o r  to  e x p r e s s  a p p r e c i a t i o n  and 
g r a t i t u d e  t o  P r o f e s s o r  1 .  i .  Jo h n s o n  f o r  h i s  e n c o u ra g e m e n t  and  g u id a n c e  
i n  t h e  d e v e lo p m e n t  o f  th e  p r e s e n t  w o rk .
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T h ro u g h o u t  t h i s  t h e s i s  we assum e t h a t  a l l  r i n g s  a r e  i n t e g r a l
dom ains  w i t h  u n i t y ,  .vn i n t e g r a l  dom ain  i n  w h ich  e v e r y  r i g h t  i d e a l  i s
a p r i n c i p a l  r i g h t  i d e a l  i s  c a l l e d  a Pill d o m a in .  A PLI dom ain  i s  d e f i n e d
s i m i l a r l y *  Che c l a s s i c a l  exam ple  o f  a Pill dom ain  i s  t h e  r i n g  o f  show
p o ly n o m ia l s  r jx ,< r]  = { lx 1 a i  | ai  E h )  o v e r  a skew f i e l d  P, w here  <r i s  an
endom orph ism  on P and m u l t i p l i c a t i o n  i s  d e t e r m i n e d  by  t h e  c o m m u ta t io n
r u l e  a;; = :cp5r , a  £ ? .  Tims i f  f  = Uq + xa.] + . . .  + and
g -  b,. + xb  . . .  + r-^b , ( a . ,  b .  £ P ) ,  t h e n  th e  p r o d u c t  o f  £  and g i s■ u ]_ m 1 '  1
g iv e n  by  f g  = a rtb_. + x(jffb ., + a „ b ~ )  + . . .  + x n+n‘a ^ fl!l^ b (s?1 d e n o te s  0 0 U l  x u  n  n
t h e  c o m p o s i t i o n  o f  T  w i th  i t s e l f  m t i n e s ) .  A d d i t i o n  o f  p o ly n o m ia l s  i s  
t h e  u s u a l  poi.ntwi.ae a d d i t i o n .  T h is  r i n g  was f i r s t  d e s c r i b e d  by Ore £10] « 
.'oi i n t e g r a l  dom ain  1 i n  w h ic h  th e  sum and i n t e r s e c t i o n  o f  any 
two p r i n c i p a l  r i g h t  i d e a l s  i s  a g e i n  a p r i n c i p a l  r i g h t  i d e a l  i s  c a l l e d  
a r i g h t  B e z o u t  d o m ain .  Thus .1 i s  a  r i g h t  b e z o u t  dom ain  i f f  t h e  s e t  o f  
p r i n c i p a l  r i g h t  i d e a l s  i s  a s u b - l a t t i c e  o f  t h e  l a t t i c e  o f  a l l  r i g h t  
i d e a l s  o f  t .  g i n i l a r  rem ark s  h o l d  f o r  l e f t  b e z o u t  d o m a in s .
i h e  c o n d i t i o n  t h a t  .1 be a r i g h t  .bezout dom ain  c a n  be w eakened  
by r e q u i r i n g  t h a t  t h e  sum and i n t e r s e c t i o n  o f  any two p r i n c i p a l  r i g h t  
i d e a l s  i s  a g a in  a p r i n c i p a l  r i g h t  i d e a l  i f  th e  i n t e r s e c t i o n  i s  non­
z e r o .  I n  t h i s  c a s e  i s  c a l l e d  a ( r i g h t )  weak b e z o u t  d o m ain .  ( L e f t )  
weak b e z o u t  dom ains  a re  d e f i n e d  s i m i l a r l y .  However i t  can  be shown 
( s e a  Cohn L3]  ) t h a t  th e  weal: B e z o u t  c o n d i t i o n  i s  l e f t - r i g h t  s y m m e tr ic ,  
i . e . ,  11 i s  a ( r i g h t )  weak B ezou t  dom ain  i f f  A i s  a  ( l e f t )  weak B ezou t  
d o m ain , t h e r e f o r e  th e  a d j e c t i v e  r i g h t  o r  l e f t  i s  u s u a l l y  o m m itte d  and
7one s p e a k s  o f  v/e a ’; B e z o u t  d o m a in s .
L e t  R be  an i n t e g r a l  d o m ain .  Two e le m e n t s  a ,  a  E l  a r e  c a l l e d  
s i m i l a r  ( w r i t t e n  a ~ a  o r  a ^ a )  i f  R/aR * V a R  as  r i c h e  R - n o d u l e s .  I t  
c a n  b e  shown t h a t  t h i s  d e f i n i t i o n  i s  l e f t - r i g h t  s y m m e tr ic .  I n  a d d i t i o n  
s i m i l a r i t y  can  be c h a r a c t e r i z e d  a s  f o l l o w s ^  a ^ a  i f f  t h e r e  e x i s t s  b  i n  
1 s u c h  t h a t  aR + bR = R and aR /A bR = b a d ,  i n  w h ic h  c a s e  b a  = ab (b  I R) 
and  b ~ b  ( s e e  J a c o b s o n  £6 , p .  34} and Cohn [ 3 ] ) .  U s in g  th e  l a t t e r  d e f i ­
n i t i o n  i t  c a n  be  v e r i f i e d  t h a t  e l e m e n t s  s i m i l a r  t o  u n i t s  a r e  u n i t s  and  
e le m e n t s  s i m i l a r  t o  z e r o  a r e  z e r o .
U sing  th e  l a s t  rem a rk  one may p ro v e  t h a t  r i g h t  B e z o u t  dom ains 
s a t i s f y  th e  r i g h t  Cre c o n d i t i o n :  t h e  i n t e r s e c t i o n  o f  any two n o n - z e r o  
p r i n c i p a l  r i g h t  i d e a l s  i s  n o n - z e r o .  F o r  i f  aR, bR a r e  two n o n - z e r o
r i g h t  i d e a l s  o f  R t h e n  aR + bR = dR and aR f\ bR = n i l  f o r  some d ,  n  t  R,
d 0 .  Rhus a  = d a ,  n  = bm f o r  some a ,  n  I  R, a  •/ 0 .  I t  f o l l o w s  f ro m
R/aR = dR /daR  = (aR + b R ) /a R  = b R /(a R  bR ) = bR/bmR = R/mR t h a t  a ~ m
and t h e r e f o r e  i i  /  0 b e c a u s e  a  0 .  T h is  shows t h a t  m /  0 .  I n t e g r a l
dom ains  w h ich  s a t i s f y  th e  r i g h t  Ore c o n d i t i o n  a r e  som e tim es  c a l l e d
r i g h t  Ore d o m a in s .  B i m i l a r  re m a rk s  h o l d  w i t h  r e g a r d  t o  l e f t  B ezou t  
dom ains  and l e f t  Ore d o m a in s ,  i . e . ,  e v e r y  l e f t  B e z o u t  dom ain i s  a  l e f t  
Ore d o m ain .
.\s an  exam ple  o f  th e  n o n -sy m m etry  o f  some o f  t h e  d e f i n i t i o n s  
we c o n s i d e r  R = F [XjVj , th e  r i n g  o f  skew p o ly n o m ia l s  d e s c r i b e d  e a r l i e r .  
Assume now t h a t  <r i s  n o t  an i s o m o rp h is m .  S in c e  R i s  a  PRI do m ain  i t  
f o l l o w s  t h a t  R i s  a  r i g h t  B e z o u t  dom ain  and a r i g h t  Ore d o m ain .  But i f  
a  t  F \ F , r , t h e n  Rx Rxa = 0 .  F o r  i f  f x  = gxa  /  0 f o r  some
f  = b Q + x t ^  + . . .  + x % n  and g = c Q + x c 1 + . . .  + xmcm i n  R, t h e n
= xm+lcma * ’!h c r e f  o r e  n  = m and b ^  = c ^ a .  H ence a = ( c j ^ b  >*",
a c o n t r a d i c t i o n ,  d i e r e f o r e  ft i s  n o t  a  l e f t  Ore dom ain  and  hen ce  n e i t h e r
a  PLI do i a in  n o r  a l e f t  B e z o u t  d o m ain .
'..'e n o t e  t h a t  1 i s  a r i g h t  B e z o u t  dom ain  i f f  ft i s  a  r i g h t  Ore
dom ain and  a  weah B ezou t  d o m ain , .v lso  e v e r y  PftI dom ain  i s  a r i g h t  B ezou t
d o m ain .  .\s a  c o n v e r s e  v/e c a n  show t h a t  i f  ft i s  a r i g h t  B e z o u t  dom ain i n
w h ich  t h e  a s c e n d in g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s  h o l d s
th e n  ft i s  a  Pfti d om ain . F o r  l e t  I  be  a  r i g h t  i d e a i  o f  ft and  l e t  aQ e I .
I f  a ft i  I  l e t  a £  I ' - a  a .  I f  ;u f t  + a  ft /  I  l e t  a„ e  I  ^ ( a n R + a . , f t ) .  Con- 
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t i n n i n g  t h i s  p r o c e s s  we o b t a i n  aQft C aQft + a^ft £  aQ.ft + a f t  + a^ft C • • •  • 
how i n  a r i g h t  B ezo u t  dom ain  th e  sum o f  a f i n i t e  number o f  p r i n c i p a l  
r i g h t  i d e a l s  i s  a g a i n  a p r i n c i p a l  r i g h t  i d e a l .  T h e r e f o r e  t h e  c h a i n  t h a t  
we o b t a i n  i s  a  c h a i n  o f  p r i n c i p a l  r i g h t  i d e a l s  and h e n c e  m u s t  t e r m i n a t e ,  
s a y ,  a^ft -s- . . .  + a f t  = aQft . . .  + a-n+1ft = . . .  f o r  so n e  i n t e g e r  n .  t h i s  
i s  p o s s i b l e  on..y i f  ay d  + . . .  + a n ft = I .  C o n s e q u .n t ly  I  i s  a  p r i n c i p a l  
r i g h t  i d e a l .
I f  .1 i s  an  i n t e g r a l  domain and 0 ^  a  e  ft, l e t  *[aft,bftj d e n o te  th e  
s e t  o f  p r i n c i p a l  r i g h t  i d e a l s  eft o f  ft s u c h  t h a t  a f t < r c h £ b f t .  I f  R i s  a  weak 
B e z o u t  dom ain  and 0 ^  a e f t  t h e n  [aft , i s  a s u b l a t t i c e  o f  t h e  l a t t i c e  
o f  a l l  r i g h t  i d e a l s  o f  ft. B ec a u se  o f  th e  S c h r e i e r  R e f in e m e n t  theorem 
( s e e  [ l ,  p . 66.1) one may s p e a k  o f  t h e  l o n g e s t  c h a i n  i n  [aft , f t ] .  I f
c o n t a i n s  a  m axim al c h a i n  o f  f i n i t e  l e n g t h  t h e n  th e  l e n g t h s  o f  
a l l  m axim al c h a in s  i n  [aft, a r e  e q u a l  and  we d e f i n e  dim a  ( o r  dim., a )
i\
t o  be t h i s  i n t e g e r .  I f  [aft, ft[ c o n t a i n s  no m axim al c h a i n  o f  f i n i t e  
l e n g t h  t h e n  dim a  = ** ( s e e  J o h n s o n  £9] ) .
I f  ft i s  a  wea ; B ezou t  dom ain  and  a ,  a eft t v i th  a ~ a  t h e n  d i n  a = d i n  a .  
F o r  i f  a ~ a  th e n  t h e r e  e x i s t s  b ,  m e ft  s u c h  t h a t  aft + bft = ft, aft A  bft = mil 
w here  n  -  b a ^ a ,  a  /  0 ) ,  I f  a  i s  a  u n i t  t h e n  so  i s  a and  dim a  = 0 = dim a . .
I f  a  i s  n o t  a u n i t  t h e n  b  /  0 and  so  m /  0 .  Hence {raft, ill i s  a  m o d u la r  l a t t i c e .
9Then [aR, A^ j — jaA, aR + bl{j -  [aR  bR , bR^ = [baA, bRj = [ a R ,  dj ,.
w here  "="  d e n o t e s  l a t t i c e  i s o m o r p h is m .  I t  f o l l o w s  t h a t  d i n  a  = dim a ,
•An e le m e n t  p o f  a n  i n t e g r a l  dom ain  R i s  s a i d  t o  be a  p r im e  i f
pR. i s  m axim al i n  th e  s e t  o f  p r i n c i p a l  r i g h t  i d e a l s  o f  R , I t  i s  e a s y  t o
p ro v e  t h a t  t h e  d e f i n i t i o n  i s  l e f t - r i g h t  s y m m e tr ic ,  i . e . ,  p i s  p r im e  i f f
Rp i s  m axim al i n  th e  s e t  o f  p r i n c i p a l  ^ e f t  i d e a l s  o f  R, I f  R i s  a  weak
B e z o u t  dom ain t h e n  p £■ R i s  p r im e  i f f  dim  p = 1 ,  I t  f o l l o w s  t h a t  i n  a
weak B ezou t  dom ain  e le m e n t s  s i m i l a r  t o  p r im e s  a r e  p r im e .
Of i n t e r e s t  a r e  t h o s e  e le m e n t s  i n  R t h a t  c a n  be e x p r e s s e d  as
a ( f i n i t e )  p r o d u c t  o f  p r i m e s .  I f  0 #  a € R  and ^.R, r |  s a t i s f i e s  b o th
th e  a s c e n d in g  and  th e  d e s c e n d in g  c h a i n  c o n d i t i o n s  t h e n  e v e r y  c h a i n  i n
[aR, rJ h a s  f i n i t e  l e n g t h .  Assume i n  a d d i t i o n  t h a t  a  i s  n o t  a  u n i t  and
l e t  aR C b nR C . . .  C b i R C R be a  m axim al c h a i n  i n  [aR, aJ .  ..hen
b ^  = b ^ s . f o r  some s - £  R, i  = 1 ,  R, . . . ,  n -1  and  a  = ^ u s n * s n e  R*
Thus a  = b s . . . s  .  e v i d e n t l y  b., i s  p r im e  and i t  f o l l o w s  from  
1 1 n
R / s ,R  = b 1s , , . . s .  „k/L> s  _ . . , s . R and  f ro m  th e  m a x i m a l i t y  o f  th e  c h a in  i  1 l - l  l l i
t h a t  s : i s  p r im e  ( i  = l ,  2 ,  . . . ,  n ) .  T h e r e f o r e  b o t h  c h a i n  c o n d i t i o n s
i n  [aR , R^  g u a r a n t e e s  t h a t  a c a n  be  w r i t t e n  as  t h e  p r o d u c t  o f  p r im e s ,
•AS a  c o n v e r s e  we n o te  t h a t  i f  a  = p . . . p  i s  a  p r im e  f a c t o r i z a t i o n  o fi  n
a ,  t h e n  aR C P-j»«»Pn _.,R C • • •  C p A C  R i s  a  m axim al c h a i n  i n  [aR , r] ,
die  p r e c e e d in g  rem a rk s  im p ly  th e  f o l l o w i n g .  I f  A i s  a  w eak B e z o u t  
dom ain  and i f  0 /  a  £  R, t h e n  d i n  a  = n  (.where n  i s  a p o s i t i v e  i n t e g e r )  
i f f  a  i s  a  p r o d u c t  o f  n  p r i m e s .  I n  t h i s  c a s e  i t  i s  w e l l  known t h a t  th e  
p rim e f a c t o r i z a t i o n  o f  a n  la m e n t  i s  u n iq u e  up  t o  s i m i l a r i t y  a s
f o l l o w s  ( se e  I ' l l ) .
Theorem 1 L e t  .1 be a  weal; B e z o u t  d o m ain .  I f  a  £ R  h a s  two 
pr im e f a c t o r i z a t i o n s  a  -- p 1 #. . p n = q ^ , . ^  (w here  p i f  qi  a re  p r i m e s ) ,
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th : :n  n  -  and t h e r e  i s  a  p e r m u t a t i o n  TT'on -^ 1 , 2 , n  ]  s u c a  t h a t
) ( i  = 1 , 2 , n ) .
P r o o f .  3unx> se  a  = p ^ . . . p „  = q . , . . . q  w here  p .  and q a r e
1  ** J- HI 1 1
p r i m e s ,  !e h a v e  j u s t  s e e n  t h a t  n  = dim a  = n ,  Co p ro v e  th e  u n i q u e ­
n e s s  u p  t o  s i . n i l a . r i t y  we i n d u c t  on n .  I f  n = 1 t h e r e  i s  n o t h i n g  to
p r o v e ,  . \ssune  n  >  1 .  I f  p d  -  r  d  t h e n  q 1 = p u  f o r  sor.ie u n i t  u < £ d .
j X 1 1
.hen  n . .  . n  = u r ,  , , , r  f rom  w hich  t h e  t h e o r c  > f o l l o w s  by i n d u c t i o n .
‘ 2 * n  • ' n
h e n c e  we s h a l l  assume t h a t  p 1i  /  q d .  3i n c c  d i s  a weal: D ezout dom ain
p^ d A r , d  -  md and p . d  + q^ d  = dd  f o r  some : i ,  d Choose p  f q ^ e  d
su c h  t h a t  n  ~ p^q1 = q p ^ .  C ince  p1d  £  d d  and p 1 i s  p r im e  d d  = d .
I h e r e f o r e  p ^ p -  .nd mow s i n c e  a f e p ^ d / l q .^1 i t  f o l l o w s  t h a t
= p a „ r  and q - . . . r  = o w n s  f o r  sone  s .  r  £ . 1.  i h e n  s  = r ,• 1 - n A i -1 Ji  n "1' 1
p, . . . p  = o' r  and  q „ . . . q _  = o , s .  s i n c e  n ,  ,n d  r„ a r e  s i m i l a r  t o  p r im e s2 n  *•'. m t l  J_  ^ ! X
t h e y  m ust be p r i m e s ,  a p p l y i n g  i n d u c t i o n  v;c o b t a i n  p^/-^c;^ and  q '"■'P^
f o r  some i n t e g e r s  h and  h and  t h e r e f o r e  n. t~>c md r ^ p  .  Hie r e -' h  i  -js
m a in in g  p_ ‘s ( i  /  I ,  h )  and  q . 4s ( j  /  l ,  n a y  be  p a i r e d  i n t o  s i m i l a r  
j- J
p a i r s  t h r o u g h  a  f i n e d  p r im e  f a c t o r i z a t i o n  o f  r  = s .  OLD.
Lemma 1 L e t  d be  a we a ’: he z o u t  dom ain  and  l e t  a ,  a f l  
w i t h  r./w?., I f  a = cd  t h e n  t h e r e  e : d s t s  c ,  d e d  s u c h  t h a t  c r ~ c t d<-^d, 
and a = c d .
P r o o f ,  assum e a ^ a  ( a ,  a /  0 )  a n d  a = c d ,  c ,  d  £ d .  L e t  f  be
an  d - n o d u le  e p im o rn h ism  on  d  o n t o  d / a  I w i t h  l e r n e l  a d .  L e t  b £ d  s u c h
t h a t  f ( l )  = b  + a d .  alien d  = a d  + b d  s i n c e  f  i s  an  e n in o r n h i s m  and
a d  A  b d  = b a d  s i n c e  f  h a s  h e m e l  a d  ( s e e  Cohn [ c ] ) .  L e t  m = b a .
C l e a r l y  n  /  0 and  h e n c e  [m d , ffj i s  a  s u b l a t t i c e  o f  t h e  l a t t i c e  o f  
a l l  r i g h t  i d e a l s  o f  d .  I t  f o l l o w s  t h a t  | a d ,  d] = [md, b d ]  ( l a t t i c e
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i so m o rp h is m )  w here t h e  c o r r e s p o n d e n c e  i s  g i v e n  by  s d  — 4  s d  A b d  i f
r.d C s d  C d  and  r d  —4  r d  + a d  i f  n d  C  r d  C b d  ( s e e  B i r ' i i o f f  [ l ,  P»13l>*
Low r.d c c d  C d  an d  h e n c e  t h e r e  e x i s t s  in S d  s u c h  t h a t  n d  = c d  /I b d ,
n d  C md C b d ,  and  md + a d  = c d .  Choose c I  d  s u c h  t h a t  n  = b e ,  Then
a d  C c d  C d .  Thus a  = c d f o r  some d CR, Nov; c d  + b d  = d  and
c d  A b d  = md = b e d .  C o n s e q u e n t ly  c —'C,  To show dc-<d we o b s e r v e  t h a t
f ( c )  = be" * a d  = m + a d .  L e t  f  be  t h e  r e s t r i c t i o n  o f  f  t o  c d .  Then
f  i s  an  d -n o d u le  e p i n o r p h i s n  on  c d  o n to  (n d  + a d ) / n d  = c d / a d  w i t h
h e m e l  a d ,  C o n s e q u e n t ly  c d / a d  = c d / a d  • I t  f o l l o w s  t h a t
d /d d  = c d / c  dd  = c d / a d  = c d / a d  = c d / c d d  S d / d d .  Hence d - ~ d .  «.pD,
U sing  herein 1 v/e c a n  s t r e n g t h e n  Theorem 1 a s  f o l l o w s .
Theorem 2 L e t  d be a  weak B e z o u t  d o m a in .  I f  a ,  a  £  d  v / i th
and  i f  a = n 1 , , , p _ ,  a  = q - , , , q  v/here p .  and  q .  a r e  p r im e s ,' ' . i n  i  m x i
t h e n  n = m and t h e r e  i s  a p e r m u t a t i o n  “Jf on j l ,  2 ,  . , , ,  n j  s u c h  t h a t
p£~q^.^_.  ^ vi = 1 » 2 ,  , , , ,  n ) .
P r o o f ,  Tissune a ,  a  6 d ,  a«—>a an d  a  = p , .  ,p  i s  a  u r i n e  f a c -
1 n
t o r i z a t i o n  o f  a .  I t  f o l l o v / s  f rom  Lemma 1 and  i n d u c t i o n  t h a t  
a  ~ q - , , , q  v/here p . ^ c .  ( i  = 1 , 2 ,  , , , ,  n ; ,  I n  p a r t i c u l a r  th e  q .I n  1 1  W W W  A A1
a r e  p r i m e s .  L e t  a  = be any o t h e r  p r im e  f a c t o r i z a t i o n  o f  a .
By Theorem 1 n = m and  t h e r e  i s  a p e r m u t a t i o n  7]~on | l ,  2 ,  , , , ,  n j
su c h  t h a t  o . - ^ q ^  .  h ence  p • r-* <L,, . N • u iD ,
1 T/(3-) 1 * f ( l )
die a s c e n d in g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s  
h o l d s  i n  an  i n t e g r a l  dom ain d  i f f  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  h o ld s  
i n  [ a d ,  d j f o r  e a c h  0 /  a £ d .  I f  th e  d e s c e n d in g  c h a i n  c o n d i t i o n  h o ld s  
m  [ a d ,  dj f o r  e a c h  0 /  a £  d  t h e n  Tv i s  s a i d  t o  s a t i s f y  t h e  r e s t r i c t e d  
d e s c e n d in g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s .  I n  t h i s  c a s e
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e v e r y  d e s c e n d in g  c h a i n  o f  p r i n c i p a l  r i g h t  i d e a l s  i s  e i t h e r  f i n i t e  
o r  d e s c e n d s  t o  z e r o ,  .h i s  c o n d i t i o n  c a n  be c h a r a c t e r i z e d  as  f o l l o w s ,
Lerata 2 . e t  .1 be  an  i n t e g r a l  d o m a in ,  '.Ihe a s c e n d i n g  c h a i n
c o n d i t i o n  f o r  p r i n c i p a l  l e f t  i d e a l s  h o l d s  i n  H i f f  t h e  r e s t r i c t e d
d e s c e n d in g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s  h o l d s  i n  II,
P r o o f ,  .Issuue  th e  a s c e n d in g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l  
l e f t  i d e a l s  h o l d s  i n  .1,  . l e t  . . .  C r--R C II be a  d e s c e n d in g
c h a i n  s u c h  t h a t  .1 ^  1Oj ,  L e t  b  £ ^  h e n  b  = - £ r i  anc’
a. „ = a ; s.- f o r  so n e  r .  , s .  f  1  (.i -  l f 2 ,  . . .  ) ,  Hence b = a . r .  and1 +1 1 J- 1 1  1 X
b = a r .  = a . s . r .  „ i n n l i e s  s . r .  * = r .  s i n c e  a .  /  0 ,  I h i s  
i + l  i +1 i  x s +1 ' i  l + l  i  i
chows t h a t  ?x ,  C • • •  C - £ .  * C  • • •  • B ecause  o f  th e  a s c e n d in g  c h a i n1 i + l
c o n d i t i o n  Itr. = d r ,  = , , ,  f o r  some i n t e g e r  I t  f o l i o v ; s  t h a t  : c+1
s . s, .  , , ,  a r e  u n i t s  and  h e n c e  a. 1 = a, , *11 = •«» ,  h e  o r o o f  o f* <*_l - I :"+JL
t h e  c o n v e r s e  i s  s i m i l a r ,  .Issume th e  r e s t r i c t e d  d e s c e n d in g  c h a i n  co n ­
d i t i o n  f o r  • r i n c i p a l  r i g h t  i d e a l s  h o l d s  i n  1 ,  L e t  Rr £  . . .  C d r .  C • • •X 1
be ;.n a s c e n d in g  c h a i n  and l e t  0 /  b e  h r  .  h e n  b = ; - r .  and  r  = s  r
1 1 1  i  i  i + l
f o r  son., a . ,  s -  £ H  ( i  ~ 1 ,  2 ,  . . .  ) •  Hence b = a . r .  -  a . s . r .  and1 1  a i  i  i  s +1
b = a . r  y i e l d s  a . s .  = a .  s i n c e  r .  „ /  0 ,  I t  f o l l o w s  t h a tl-.-l I tI  l i  i + l  i + i
*•* C  r -d  C • • • ”■»-' C  1  and 0 jt b e  a . 1 ,  3y t h e  r e s t r i c t e d  d e s c e n -1 1=1 x
d in g  c h a in  c o n d i t i o n  we o b t a i n  ;..,_d = a,_. - .1 = , . ,  and  t h e r e f o r eit. w ■*“
s . ,  ST. ,  . . .  a r e  u n i t s .  Hence h r T. = Rr,.+1 = • • •  • -ID,
I t  i s  v/e 11 hnown t h a t  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  f o r
r i g h t  ( l e f t )  i d e a l s  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  t h a t  e a c h  r i g h t  
( l e f t )  i d e a l  i f  f i n i t e l y  g e n e r a t e d ,  t h e  p r o o f  o f  t h i s  s t a t e m e n t  i s  
t h e  same a s  i n  t h e  co m m u ta t iv e  c a s e  ( s e c  H a r i s h i  a n d  J a n u e l  [ l l ,  p .  15C] 
f o r  e x a m p le ) .  I t  f o l l o w s  t h a t  i f  I i s  a  PHI and  a PLI dom ain  t h e n
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.1 s a t i s f i e s  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  f o r  b o t h  ( p r i n c i p a l )  
r i q h t  and  l e f t  i d e a l s .  Hence (all, l] s a t i s f i e s  b o t h  c h a i n  c o n d i t i o n s  
f o r  e a c h  0 f  a by Lemma 2 .  h a t  i s ,  e a c h  n o n - z e r o  e l e r i e n t  i n  11 
h s  f i n i t e  d i m e n s io n ,  h e n c e  e a c h  n o n - : e r o  e l e m e n t  o f  .1 t h a t  i s  n o t  
a  u n i t  can  be f a c t o r e d  i n t o  p r i m e s .  U n iq u e n e ss  o f  th e  f a c t o r i z a t i o n  
f o l lo v /s  from  th e o re m  1 .  he s t a t e  t h i s  v /c l l  Imown r e s u l t  ( s e e  J a c o b s o n  
[ 6 , p .  Z 4 \ ) a s  f o l l o w s .  . .
h e o re m  1 L e t  I be  a  1111 and a  PLI d o m ain ,  -iach n o n - z e r o  
e le m e n t  o f  .1 t h a t  i s  n o t  a  u n i t  c a n  be f a c t o r e d  i n t o  p r i m e s ,  . h i s  
f a c t o r i s a t i o n  i s  u n iq u e  u p  t o  s i m i l a r i t y  ( i n  t h e  s e n s e  o f  h e o re m  1 1 .
i n t e g r a l  dom ains  h a v in g  th e  p r o p e r t y  d e s c r i b e d  i n  th eo rem  3 
a r e  c a l l e d  u n iq u e  f a c t o r i s a t i o n  dom ains ( s e e  holm ( t j  ) .
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CHAPTER I I
RIGHT QUOiXi; II IIGN0ID3
2 ,1  D e f i n i t i o n  and c o n s e q u e n c e s
T ie  Ore done  i n s  t h a t  w ere  m e n t io n e d  i n  C h a p te r  1 h a v e  th e  im­
p o r t a n t  p r o p e r t y  t h a t  t h e y  a r e  c o n t a i n e d  i n  a r i g h t  q u o t i e n t  f i e l d  a s  
f o l l o w s ,  . i s su n e  R i s  an  i n t e g r a l  dom ain  s a t i s f y i n g  t h e  r i g h t  Ore con­
d i t i o n .  L e t  R* = R \{03  .  T ic  s e t  11 = R(R* ) - 1  = {ab-1  \ a  t  R, b  £ R*} c a n  
be made i n t o  a r i n g  u n d e r  s u i t a b l e  o p e r a t i o n s  t h a t  e x te n d  t h o s e  i n  R. 
l i e  r e s u l t i n g  r i n g  i s  a  (skew ) f i e l d  c o n t a i n i n g  R. S i m i l a r  r e n a r k s
a p p ly  f o r  l e f t  Ore d o m a in s ,  and i f  R h a s  b o t h  Ore c o n d i t i o n s ,  t h e n  t h e  
^ 1 ^ *1
two f i e l d s  R(R )“ ~ and  (R ) “ ~R a r e  e q u a l  a s  s e t s  and  i s o m o r p h ic  as
r i n g s  ( s e e  J a c o b s o n  [ 6 , p .  118] ) .
T ie  c o n s t r u c t i o n  above c a n  be g e n e r a l i s e d  j u s t  a s  i n  th e  com-
m u t a t i v e  c a s e .  We c o n s i d e r  a n  i n t e g r a l  dom ain  R, and l e t  R = R v | 0 j .
*
We s h a l l  s a y  t h a t  a s u b s e t  J o f  R h a s  th e  r i g h t  q u o t i e n t  c o n d i t i o n s  
( w i th  r e s p e c t  to  R) i f
1 )  a ,  b l S  i f f  a b  £ S
2) a  £ 3 ,  b € R i m p l i e s  t h e r e  e x i s t s  a  £ S , b  £ R s u c h  t h a t  ab = ba« 
U nder t h e s e  c o n d i t i o n s  i f  3 0  t h e n  3 c o n t a i n s  th e  g ro u p  o f  u n i t s  o f
R. f o r  i f  a  £ 3 th e n  l a  e S  and so  1 £ 3 by  1 ) .  Then f o r  e a ch  u n i t  u £ R,
1 = uu*"~ £ 3 and so  u  £ 3  by 1 ) .  I f  S / 0  and  h a s  th e  r i g h t  q u o t i e n t  c o n ­
d i t i o n s  t h e n  3 i s  c a l l e d  a  r i g h t  q u o t i e n t  m ono id  ( i n  R ) .  I n  t h i s  c a s e  
i t  c a n  be shown ( s e e  B o u rb a k i  [2 , p .  162] ) t h a t  t h e  s e t
iv -  RS = ^ rs  f  | r  £R , s  £ 3} c a n  be made i n t o  a  r i n g  u n d e r  s u i t a b l e  
o p e r a t i o n s  t h a t  e x t e n d  t h o s e  i n  R. T ie  r e s u l t i n g  r i n g  i s  an  i n t e g r a l  
dom ain  c o n t a i n i n g  R w i t h  t h e  p r o p e r t y  t h a t  th e  members o f  S a r e  u n i t s
i n  c f  c o u r s e  i f  3 = It*, t h e n  K i s  th e  r i g h t  q u o t i e n t  f i e l d  o f  it
d e s c r i b e d  i n  th e  l a s t  p a r a g r a p h .  S i m i l a r  re m a rk s  a p p ly  f o r  s u b s e t s  t h a t
a r e  l e f t  q u o t i e n t  m onoids i n  it, a n d  i f  3 i s  b o th  a  l e f t  and  a  r i g h t
—1
q u o t i e n t  m onoid  i n  it, t h e n  3 it and  13 ^ a r e  e q u a l  a s  s e t s  and  i s o ­
m o rp h ic  a s  r i n g s .
The p r e c e e c l in g  c o n s t r u c t i o n  i s  u s u a l l y  c a r r i e d  o u t  w i t h  c o n ­
d i t i o n  i )  r e p l a c e d  by  th e  w e a k e r  c o n d i t i o n  t h a t  3 be  m u l t i p l i c a t i v e l y  
c l o s e d .  However we s h a l l  n e e d  th e  f u l l  s t r e n g t h  o f  c o n d i t i o n  1 ) ,  f o r  
e x a m p le ,  i n  Lemma 3 t o  f o l l o w .  ,Je n o t e  h e r e  t h a t  c o n d i t i o n  1 ) d e f i n e s  
I tN S  to  be a  p r im e  i d e a l  i n  th e  m u l t i p l i c a t i v e  m ono id  It .  lie a l s o  
n o t e  t h a t  b e c a u s e  o f  c o n d i t i o n  1 ) t h e  f o l l o w i n g  s p e c i a l  c a s e  o f  c o n ­
d i t i o n  2 )  i s  v a l i d :  a  £ 3 ,  b  £.3 i m p l i e s  t h e r e  e x i s t s  a t .  3 ,  b  £ S s u c h  
t h a t  ab "  b a .  lie s h a l l  now p r o c e e d  t o  e s t a b l i s h  some u s e f u l  p r o p e r t i e s  
c o n c e r n in g  It and r. = Its” " .
Lemma 3 L e t  3 be a r i g h t  q u o t i e n t  monoid i n  It a.nd l e t  K = .tS“
L e t  U,-, UR b e  th e  g ro u p  o f  u n i t s  o f  L. and 1  r e s p e c t i v e l y ,  '.[hen
1 )  UI: = 3S" 1 and  2 )  3 = it A Uj..
P r o o f .  C l e a r l y  33“ ^ C U_. How l e t  b r “ ^ t  II . and  l o t  a s " ^ £  U..
be i t s  i n v e r s e  ( a ,  b  t i t ,  r ,  s  c 3 ) .  Then a s ^ b r " 1 = 1 . Choose s’ t  3 ,
b  t  It such  t h a t  b s  -  s b .  Then ab  s “ " r “ "- = 1 ,  ab = r s  and s o  a ,  b t S .
I t  f o l l o w s  from  b s  = sb t h a t  b s  and  t h e r e f o r e  b  b e lo n g s  t o  3 .
i h e r e f o r e  b r ” 1 « S3- 1  and 1 )  i s  e s t a b l i s h e d .  To p ro v e  2 )  l e t  
, -1:: -  b r  t  It A T1-. I t  f o l l o w s  by 1 )  t h a t  we c a n  c h o o se  b ,  r  e 3 ,
h e r e x o r e  x r  f  3 and so  x t  3 .  Tlius It A U^ . C 3 .  T ie  r e v e r s e  i n c l u s i o n
i s  o b v i o u s .  LID.
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Lenina 4 L e t  3 be p. r i g h t  m io t i e n t  m onoid i n  it and  l e t  I' = RS"1 .
I f  I  i s  a r i g h t  i d e a l  o f  A t h e n  I 3 " 1 i s  a r i g h t  i d e a l  o f  l i .  C o n v e r s e ly
e a c h  r i g h t  i d e a l  J  c f  A i s  o f  t h e  f o m  J  = ( J  A R)3 " .
—i -• •*!.
P r o o f ,  L e t  I  be  a  r i g h t  i d e a l  o f  R and l e t  a s  " ,  b r ” -'- t  13 .
Choose r ,  s  e-3 su ch  t h a t  s r  = r s ,  .hen
a s - 1  -  b r " 1" = a " r ( s r )  1 -  b s ( r s )  1 = ( a r  -  b s ) ( r s * IS*’3' .  S i m i l a r l y
i f  as"*^€ IS X, b r " 1^ II, t h e n  c h o o se  s feS, b 6 R s u c h  t h a t  s b  = b s .  [hen
b = sb  s " 1 and a s ^ b r " 1 = a s ” ^ ( s b  s " 1 ^ " 1 = ab s ^ r " 1 = n b ( r s )  13"“ ,
••1
h e n c e  IS "  i s  a r i g h t  i d e a l  o f  To show th e  c o n v e r s e  l e t  J  be a  r i g h t  
i d e a l  o f  A. C l e a r l y  I  = J  (\ A i s  a  r i g h t  i d e a l  o f  R, how 
IS " 1 -  ( J  n  IDS’*" C JS 1 C J ,  A lso  i f  z t j  t h e n  z = b s " 1 , b  f  1 , s  e  S
and  b = z s  £ J  b e c a u s e  J  i s  a r i g h t  i d e a l ,  ' Ih is  shows t h a t  z  6 13 1 .
' t h e r e f o r e  IS " 1 = J ,  i . e . ,  ( J  f \  RJS" 1 - J .  ciiD.
Lemma 5 L e t  3 be a r i g h t  q u o t i e n t  m onoid  i n  11 and  l e t  II = R3"1 ,
I f  A, B a r e  r i g h t  i d e a l s  o f  R, t h e n  1 )  (A A B)S” 1 = A3_1 /A BS-1  ancl
2 )  (A + B)S~1 = a s " 1 + b s " 1 .
m1 "I -J
P r o o f ,  C l e a r l y  (A A B ) 3  * C aS A  B 3 " “. Now s u p p o s e
•• "I 1 -j
a s l ” = bsj> 6 AS ' A D3 ~ ( s ^ ,  s ^ f e S ) .  Choose eS  s u c h  t h a t
S1 S2 = SRSl*  l i e n  a s 2 = b s l  6A ^  3 * 1130 a s l  = r s 2 ^S2Sl ^  6 n  D S  .a s j 1 = r.s2 ( s 2 s i ) “ 1 6 ( A d r ' " ' 1 
i h i s  p r o v e s  AS” 1 /^ Bo"1 C (A A B )S "1 and  1 ) i s  e s t a b l i s h e d .  Now i t  
i s  c l e a r  t h a t  (A + 3 )3  1 C AS" 1 + Bo"1 . To show t h e  r e v e r s e  i n c l u s i o n
l e t  a s^ ~  + b s ^ 1 t f A3 1 + 3 3 " 1 ( s ^ ,  s ? 6 3 )  and c h o o se  s , s 2 <£ 3 s u c h  t h a t
s l~ 2  = s 2®l* Then a s i 1 + b s 21 = ( a s 2 + b s  ) (s . ,~2 J- 1 e  (A + B jo " 1 . 
therefore ;L3_1 + BS-1  C (A + B )s " 1 ,  ol2D.
Lemma 6 L e t  S b e  a r i g h t  q u o t i e n t  m onoid  i n  R and  l e t  II = RS ,
I f  a ,  a £ R  and  a ^ ^ a ,  t h e n  a a .
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P r o o f ,  - jet a ,  a e l l  w i t h  a  ' - ^ a .  linen a l  + bR = II and ail f\ bR = baR
f o r  s o n e  b € R. T h e r e f o r e  all +■ bit = ” and a l '  A br. = b a l l  by  Lenma 5 .
Hence a .  TID.
Lenma 7 1 )  L e t  3 be  a r i g h t  q u o t i e n t  m onoid i n  R. I f  a e  S,
a  £R  w i t h  a ^ a  t h e n  a  £ 3 ,
2 )  Suppose R i s  a  r i g h t  B e z o u t  dom ain  an d  S i s  a  non -em p ty  
s u b s e t  o f  R s u c h  t h a t  0 ^ 3  and ab £ 3  i f f  a ,  b e S ,  t h e n  3 i s  a  r i g h t
q u o t i e n t  m onoid i n  R i f f  e l e m e n t s  s i m i l a r  t o  members o f  S b e lo n g  t o  S ,
i . e . ,  a  e  3 ,  a & R, and a*-'a  i m p l i e s  a f c S .
P r o o f ,  l b  p rove  1 ) assume 3 i s  a r i g h t  q u o t i e n t  monoid i n  R, 11 = R S "" \  
a  e S ,  a  e R ,  and a <-'nn .  Then a , —' a  by  Lemma 6 . How a i s  a u n i t  i n  1C end■*v K.
t h e r e f o r e  so  i s  a .  C o n s e q u e n t ly  a t  3 by  Lenma 3 .  To p r o v e  2 )  assum e 
R i s  a r i g h t  B e z o u t  dom ain  and  t h a t  3 i s  a  n on -em p ty  s u b s e t  o f  R s u c h
t h a t  0 3 and ab  c S  i f f  a ,  b e  3 .  F u r t h e r  assum e a e 3 ,  o’ e. R, and  a ~ a
i m p l i e s  a < « 3 .  To show 3 i s  a  r i g h t  q u o t i e n t  m onoid I  t  a  e S ,  b  e. R. Choose 
d ,  n  gR  s u c h  t h a t  aR + bR = dR and aR A  bR = mR. Then a  = d a ’ , b  = d b * ,  an d
m = ab  = b a  f o r  some a ’ , b ’ , a ,  b £ - R .  I t  f o l l o w s  t h a t  a*R, + b ’R = R
and a 1R A  b 1R = b ’aR . T h e r e f o r e  a V - a .  How a e 3  i m p l i e s  a ’ ^ S  and  so 
a  e. S .  i lence ab  = b a  w i t h  a  g 3 ,  and  S i s  a  r i g h t  q u o t i e n t  m onoid , die 
c o n v e r s e  f o l l o w s  fro m  1 ) .  ;3D.
Jemma 8 L e t  3 be  a r i g h t  q u o t i e n t  m onoid i n  R and l e t  IC = RS- 1 .
I f  R s a t i s f i e s  t h e  a s c e n d in g  c h a in  c o n d i t i o n  f o r  r i g h t  i d e a l s  t h e n  so  
does  IC.
P r o o f .  L e t  J -^ C  . . .  C J ^  C  • • •  ^  a s c e n d in g  c h a i n  o f  r i g h t
i d e a l s  o f  IC. L e t  l £  = R. ih en  I 1 C C  • • •  i s  an a s c e n d in g
c h a i n  o f  r i g h t  i d e a l s  o f  R w hich  m u s t  t h e r e f o r e  t e r m i n a t e .  Tlrns
j  s  i  = . . . .  f o r  some i n t e g e r  k .  Then I S " 1 = I  = . . . ,  and
k +1 K lC+1
i t  f o l l o w s  from  Lemma 4 t h a t  = J ,.+1 = • • •  •
henna  9 L e t  S be  a  r i g h t  q u o t i e n t  m onoid  i n  R and l e t  II = RS'*'1
'.then L i s  a  r i g h t  Ore dom ain i f f  R i s  a  r i g h t  Ore domain*
P r o o f .  L e t  a ,  b e d * .  By Lemma 5 (aR  A bR jS ” 1 = all A  bK. '.there­
f o r e  aR n  b l  = { 0 |  i f f  all A  bi: = • I t  f o l l o w s  t h a t  i f  IC i s  a r i g h t
Ore dom ain t h e n  s o  i s  R. h e  c o n v e rs e  i s  o b v io u s  b e c a u s e  R C K. BBD.
Lemma 10 L e t  3 be a r i g h t  q u o t i e n t  m onoid i n  R and l e t  II = RS 
I f  R i s  a weak Be;-out dom ain  t h e n  so  i s  II.
P r o o f .  .Vssurae R i s  a vjcal: B ezou t  d o m ain . L e t  a ,  b e l l  s u c h  t h a t  
all A b ' t  /  f O ] . Because  r s “ "II = rK f o r  any r s ^ e  K i t  s u f f i c e s  to  co n ­
s i d e r  a ,  b e R ,  h e  p r o o f  o f  Lemma 9 shows t h a t  aR A bR /  {0} ,  T h e r e f o r e  
aR + bR -  dR and aR A  bR = mR f o r  sone  d ,  n  £  R. I t  f o l l o w s  by Lemma 5
t h a t  oRS ~ + bR3 ~ = dRS**“ and aR3“^ A bRS**" = nR3-1 ' .  BCD.
S in c e  th e  r i g h t  B ezou t  c o n d i t i o n  i s  e q u i v a l e n t  t o  t h e  weak 
B e /o u t  c o n d i t i o n  t o g e t h e r  w i th  th e  r i g h t  Ore c o n d i t i o n ,  Lemmas 9 and 10 
t o g e t h e r  y i e l d  t h e  f o l l o w i n g .
Lenma l l  L e t  3 be a r i g h t  q u o t i e n t  monoid i n  R and l o t  K -• R3“ 
I f  R i s  a r i g h t  B e /o u t  dom ain th  n  so i s  II,
.,'e have  a l r e a d y  rem ark ed  i n  C h a n te r  1 t h a t  R i s  a  PRI dom ain 
i f f  R i s  a  r i g h t  B ezou t dom ain  s a t i s f y i n g  th e  a s c e n d in g  c h a in  c o n d i t i o n  
f o r  p r i n c i p a l  r i g h t  i d e a l s .  T h e r e f o r e  Lemmas 0 and  11 t o g e t h e r  im p ly  
th e  f o l l o w i n g .
Lemma l?. L e t  3 ba  a  r i g h t  q u o t i e n t  m onoid i n  R and l e t  K = R3~ 
I f  R i s  a PRI d o n a in  th e n  so  i s  II,
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..'e r e c a l l  ! ;h rt  an  i n t e g r a l  c -on r in  i s  c a l l e r !  a l o c a l  doinain  
i f  c v e r v  su n  o f  n o n - u n i t s  i s  a  n o n - u n i t .
Lerrna 13 L e t  3 be a r i r h t  q u o t i e n t  m onoid  i n  .1 and l e t  II -  .13“ *,
l i e n  II i s  a  l o c a l  dom ain i f f  I t \ 3  i s  a n  i d e a l .
P r o o f .  He c a u se  3 h a s  the  r i g h t  q u o t i e n t  c o n d i t i o n s  11 \ 3  i s  an
*
i d e a l  i n  t h e  m u l t i p l i c a t i v e  m onoid 11 .  . issune  II i s  a l o c a l  d o m ain .  To 
show t h a t  I  -  11 S 3  i s  an  i d e a l  i n  11 no n e e d  o n ly  show t h a t  I  i s  c l o s e d  
u n d e r  s u b t r a c t i o n .  A c c o r d in g ly  l e t  a ,  b (  I ,  Then a and  - b  a r c  n o n - u n i t s  
i n  11 by Lemma 2.  T h e r e f o r e  a -  b  i s  a. n o n - u n i t  i n  II. Hence a  -  b 6 I  
by Lemma 3 .  Thus y i s  an id e a . !  o f  11. C o n v e r s e ly  assume t h a t  I  i s  an  
i d e a l  o f  H. L e t  as  b r  ~ be two n o n - u n i t s  o f  K ( s , r  € 3 ) .  Choose 
r ,  s 6 C s u c h  t h a t  s r  = r s .  h e n  a s ” ~ b r~ ^  ~ ( a r  + b s ) ( s r ) ” ~ .  S in ce  
a r ,  b s  6 .1 ^ 3  = I  and I  i s  an  i d e a l ,  a r  + b s  £ 1  and  c o n s e q u e n t ly  
( a r  + b s ) ( s r )  "  i s  a  n o n - u n i t  o f  II by Lemma 3 .  hen ce  a s “ ~ + br™^ i s  a 
n o n - u n i t  o f  II and  II i s  a l o c a l  d o m ain .  A
— 1L e t  3 be  ■ r i g h t  q u o t i e n t  r iono id  i n  11 and  l e t  II = 13 .  L e t
L d e n o te  t h e  l a t t i c e  o f  r i g h t  i d e a l s  o f  :1 - nd Lr  t h e  l . - t t i c e  o f  r i g h tA ' Vw
i d e a l s  o f  II. he c o n c lu d e  t h i s  s e c t i o n  by f o r m a l i z i n g  t h e  r e l a t i o n s h i p  
b e tw e e n  L and L,-.AV **•
Toi S - c l o s u r c  o o e r a t o r  c l  ( o r  c l f. ) c a n  be  d e f i n e d  on L by
   ' "> :1
—1
c l ( I )  = 1 3  A  A f o r  e r c h  IeL n ,  Lemma 4 shows t h a t  c l  i s  a f u n c t i o n  
on  L i n t o  L „ . U s ing  Lem '.as 4 and  5 i t  i s  n o t  d i f f i c u l t  t o  c h e c k  t h a tA A
c l  h a s  t h e  f o l l o w i n g  p r o p e r t i e s .
1 ) I C  c l ( I ) ,  I  6 Lu
2 )  c l ( I )  = c l ( c K I ) ) ,  I  €L „t'v
3)  c l  ( I  n j )  = c l ( I )  A c l ( J ) ,  I ,  j e L
4)  c l ( I )  + c l ( J ) C  c l ( I + J ) ,  I ,  j e i ^
:’.c s a y  t h a t  l £ L ^  13 c l o s e d  ( o r  3 - c l o s e d )  i f  I = c l ( I ) .  I t
f o l l o w s  t h a t  c l  ( I )  i s  t h e  s m a l l e s t  c l o s e d  r i g h t  i d e a l  o f  11 t h a t
c o n t a i n s  I .  L e t  L^* d e n o t e  t h e  s e t  o f  c l o s e d  r i g h t  i d e a l s  o f  R.
J l e a r l y  0 .  R d L  * and L., * i s  a l a t t i c e  u n d e r  i n c l u s i o n .  I f  I ,  J  e L  *
R R
t h e n  1 /1  J  i s  t h e  i n f  o f  I  and J .  he d e n o te  t h e  su p  o f  I  an d  J  by
I  V J ;  t h u s  I  V  J  = C l ( I  + J ) .
T heo ren  4 L e t  3 be a r i g h t  q u o t i e n t  m onoid  i n  1 and l e t  K = R3 .
L e t  Ly  be t h e  l a t t i c e  o f  r i g h t  i d e a l s  o f  K and L,, * th e  l a t t i c e  o f
3 - c l o s e d  r i g h t  i d e a l s  o f  R, t h e n  L.. = LK pv
P r o o f ,  Le j r e c a l l  f ro m  [ l ,  p ,  24^ t h a t  two l a t t i c e s  L^ and L^ 
a re  i s o r i o r p h i c  i f f  t h e r e  i s  a f u n c t i o n  f :  — V L2 d e f i n e d  on
o n to  L2 su ch  t h a t  b o t h  f  and f  1 a re  o r d e r  p r e s e r v i n g  b i j e c t i o n s ,
J?
A c c o r d i n g l y  we d e f i n e  t h e  f u n c t i o n  f : L *—4  L 1 b y  I1 = I  d  R f o r
L R
each  I  e L . . ,  I f  I €  L- t h e n  ( I  /\ R) £ L - , '  b e c a u s ei‘_ 1- IV
c l ( I  ri R) = ( I  A  R)3“ ~ C\ R = I  f \  R by Le;mia 4 ,  How f  i s  i n j e c t i v e ,  f o r
i f  I ,  J  eL j,  and 1^ -  J f  t h e n  1 /1  1 = J  d  R, ( I  IDS" 1 = ( J  / I  R)3" 1
and so  I  = J  by Lemma 4 ,  A lso  f  i s  s u r j e c t i v e  b e c a u s e  i f  I  e L ^ *  t h e n  
I  = c l ( I )  = IS" 1 n  11 w h ich  shov/s t h a t  I  = ( I 3 - 1 ) ^ .  I t  f o l l o w s  t h a t  f - 1
f - 1  1
i s  a b i j e c t i o n  d e f i n e d  on L.( ’ and i s  g iv e n  by I  = IS~“ f o r  e a c h  I f  L . f ,
•a R
f  fMow I  C J  i f f  I x C J x b e c a u s e  i f  I ,  j £ L , .  t h e n  I  C J  i m p l i e s
I  R C J  r\  R w h ich  i m p l i e s  ( I  / \  R)3" 1 C ( J  A  R )s “ 1 w hich  i m p l i e s  I  £  J ,
I t  f o l l o w s  t h a t  f  and f _1 a r e  o r d e r  p r e s e r v i n g .  C o n s e q u e n t ly  L = L *. RiRD.
i*. x\
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2 .2  Unique f a c t o r i z a t i o n
I n  t h i s  s e c t i o n  we s h a l l  p r o v e  th e  F a c t o r i z a t i o n  th e o r e m .  T h is  
th eo re m  i s  one ox o u r  key r e s u l t s  and  h a s  i m p o r t a n t  a p p l i c a t i o n  i n  
th e  ne :r t  c h a p t e r ,  '.,'e b e g in  w i t h  t h e  f o l l o w i n g  r e s u l t  w h ic h  w i l l  be  
u s e d  t o  p ro v e  t h e  F a c t o r i z a t i o n  th e o r e m .
F a c t o r i z a t i o n  lemma L e t  S b e  a r i g h t  q u o t i e n t  m onoid  i n  an 
i n t e g r a l  dom ain  2 .
1 )  I f  1  s a t i s f i e s  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  f o r  p r i n c i p a l
ic
r i g h t  i d e a l s ,  t h e n  e a c h  z G 2  can  be  w r i t t e n  as z = xs  w here  s e S  and
x  h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  S .
2 )  I f  2  i s  a  we.de B ezou t  dom ain  and i f  z = x 1s .  = x  a r e  twoJ. j" Cd
f a c t o r i z a t i o n s  o f  z a s  i n  1 ) t h e n  t h e r e  i s  a  u n i t  u  £ 2  s u c h  t h a t
x i = x ^ u  (a n d  us^  = s.-,).
P r o o f .  To p ro v e  1 )  assume t h a t  2  s a t i s f i e s  t h e  a s c e n d i n g  c h a i n
it
c o n d i t i o n  f o r  p r i n c i p a l  r i j j h t  i d e a l s .  L e t  z  e  ?v ,  I f  ;< lias no n o n - u n i t
r i g h t  f a c t o r  i n  S t h e n  we a r e  f i n i s h e d .  O th e rw is e  z = x ^ s ^  w here  s ^  i s
a n o n - u n i t  i n  S .  I f  x 1 h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  5 t h e n  we a re
f i n i s h e d .  O th e rw is e  x  = w here  s i s  a  n o n - u n i t  i n  3 .  C o n t in u in g1 z  z
t h i s  p r o c e s s  we o b t a i n  t h e  c h a i n  3c H (  x  ? , (  . . .  w h ich  m u s t  t e r m i n a t e .C,
Thus x  2  = x ,.+12 = . . .  f o r  some i n t e g e r  k .  Now t h i s  i s  p o s s i b l e  i f fJC
x ?_ h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  3 .  T h e r e f o r e  z = x,_(s . . . s  ) i s  
t h e  d e s i r e d  f a c t o r i z a t i o n .
To p ro v e  2 )  assume t h a t  2  i s  a  v/e a!; B e z o u t  d o m a in .  L e t  0 1  z 0  2  
.and l e t  z = x ^  = x 2s 2 ‘tlVo f a c t o r i z a t i o n s  o f  z s u c h  t h a t  s 1# S2 e s  
and x 1 , x o h a v e  no n o n - u n i t  r i g h t  f a c t o r s  i n  S .  S in c e  x 1 R A x  R #  0 andC4 t-t
s i n c e  2  i s  a weak B e z o u t  dom ain  i t  f o l l o v / s  t h a t  x1 2 ^  x_2 = m2 and1 tj
x  A + x  A = dA f o r  some m, d  6LA. t h e n  n  = ^ o r  so n e1 2  i t .
x  ~h €  A. S in c e  z 6 x . i l  / \ x 2 A t h e r e  e x i s t s  z ^ ,  z ^  6  A s u c h  t h a t
x l s 1 = x-lx2 z 1 and x 2s 2 = x2x i z 2 * h e n c e  s i  = ^2Z± ancl s 2 = x i z 2 * i 1^^ s 
shows t h a t  x 1 , x2 6 S .  Now XjA + x 2 A = dA i n p i i e s  t h a t  x-L = d x ^  an d  
x .  = dx , , 1 f o r  some x 1 1, x,, * e  A. I t  f o l l o w s  t h a t  x., fA + x 0 ’A -  A,A L, J- eu c*
x 1 ’A A - 2 ’A = x l ,x ,R  and  x 1 *x2 = x^ ’x ^ .  t h e r e f o r e  .md x 2
S in c e  x-j_, x ,  6  3 ,  x ^ * ,  x , ’ 6 3  by Lemma 7 .  Nov/ x^  an d  x  h a v e  no non ­
u n i t  r i g h t  f a c t o r s  i n  S and c o n s e q u e n t l y  x^ 1 an d  x 0 1 m u s t  be  u n i t s .
.h i s  shows t h a t  x 1 A -  dA = x2A and 2 )  i s  e s t a b l i s h e d .  -qAi).
L e t  .1 be  a PAI dom ain , l e t  S b e  a  r i g h t  q u o t i e n t  m onoid i n  
A and 1 s t  d  -= AS” "1' .  U s in g  t h e  f a c t o r i z a t i o n  lemma, i t  i s  p o s s i b l e  t o  
c h a r a c t e r i z e  t h e  e le m e n t s  ?. & X s u c h  t h a t  aA ' s  S - c l o s e d .  I f  a  e-A t h e n
a ••• a s  w here  s € j  and  a h o s  no n o n - u n i t  r i g h t  f a c t o r  t h a t  b e lo n g s  t o  S .
..hen c l(c .A )  -  a d  A A = a d  A  A = c i ( a A ) .  Now aA i s  c l o s e d  f o r  i f
a ’ A -- a d  A  A t h e n  a A C a ’A. Hence a  = a ' r  f o r  so n e  r  £A. Cut s in c e
a d  ~ a 'H  r  m ust  be  a. u n i t  i n  d ,  i . e . ,  r  € S .  However a h a s  no n o n - u n i t  
r i g h t  f a c t o r  : n  S and  so r  i s  a  u n i t  i n  A. t h e r e f o r e  aA = a 'A  = c l ( a A ) .  
,,'e c o n c lu d e  t h a t  i f  a € R  t h e n  aA i s  S - c l o s e d  i f f  a h a s  no n o n - u n i t  
r i g h t  f a c t o r  i n  S ,
L e t  A be an  i n t e g r a l  d o m a in .  L e t  I  = |o< J o t  o< 4. ^
i n i t i a l  segm en t  o f  o r d i n a l s .  A c o l l e c t i o n  | ° { e i }  o f  r i g h t  q u o t i e n t
m onoids  i n  A i s  c a l l e d  a  r i g h t  q u o t i e n t  c h a i n  ( i n  A) i f  t h e  f o l l o w i n g  
c o n d i t i o n s  h o l d ,
1 )  ^i^+l oach  »(£ I ,  p(q
2 ) 3^ = s  a  ^--n i t  o r d i n a l
For  c o n v e n ie n c e  we l e t  S ^  d e n o te  th e  g ro u p  o f  u n i t s  o f  A. t h e n  S_1 i s
c o n ta in e d  i n  e ach  3 ^ .  L e t  1'^ = -US^ ) 1 i f  «( = -1  o r  i f  o( £  I .  ".lien 
b e c a u s e  o f  c o n d i t io n  1 )  IC. , C 11, f o r  e a c h  - < e l .<K“ 1
f a c t o r i z a t i o n  th eo re m  L e t d be a  we a!: B e z o u t d o n a in  s a t i s ­
f y in g  th e  a s c e n d in g  c h a in  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s .  L e t  
I  =^°( I 0 ^  ^  -  °^o] be an  i n i t i a l  se g m e n t o f  o r d i n a l s  and  l e t  ^ 3 ^  \ ©< £ 1 ^
if
be a r i g h t  q u o t i e n t  c h a in  i n  d . dach  > £ II can  be f a c t o r e d  a s
z  = r a .  • • • a  . v /here  cd- a r e  n o n - l i n i t  o r d i n a l s  su c h  t h a t  
^ 1  n
o( 0 > c ^ >  • • • " >  of » a<^  ^  ^ / , ae< ‘^a s  no n o n “u n ^  r i g h t  f a c t o r  i n
n i  i  iif
3 , r t R  and  r  h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  S ,  .  'Che f a c t o r i -
o f i - 1 ■ ”<o
n a t i o n  i s  u n in u e  i n  th e  s e n s e  t h a t  i f  v, = s b ,  . . . b ,  i s  a n o th e r  su c h
*1  n
f a c t o r i z a t i o n  th e n  n  = n ,  o^. -  ft. ( i  = -•» 3 ,  «•«» n ) ,  and t h e r e  a re
u n i t s  t n ,  u  , . . . .  u  , m  d su c h  t a r t  r  = su . . a .  = u„  .b  , . and0 i * n-1  ' o\- n - l  oc
-1  n
%i = « Z - A  Ui  Ci *  °» n ) *i  ’i
■k
P r o o f ,  To p ro v e  e x i s t e n c e  o f  th e  f a c t o r i z a t i o n  l e t  z £  d  . I f
z  h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  3 ,  th e n  we a r e  f i n i s h e d .  O th e rw ise
0
by  th e  F a c t o r i z a t i o n  lemma z = r s ^  f o r  so n e  Sq £  and w here  r  h a s  no
n o n - u n i t  r i g h t  f a c t o r  i n  S ,  . L e t o< be th e  l e a s t  o r d i n a l  su c h  t h a t
0
s n 6 3 ,  .  C l e a r l y  i s  n o t  a l i m i t  o r d i n a l  ando^ >o</ .  By th e  F a c t o r i -  
1 ~ 
z a t i o n  lenm a i t  f o l lo w s  t h a t  s .  = a ,  s.. w here  s ,  6 S .  - and  a ,  h a s  no
n o n - u n i t  r i g h t  f a c t o r  i n  3 ,  . . .  C l e a r l y  a ,  £ 3 ,  b e c a u s e  s 6 3  I f
^ r 1 ° \ ' 4 l  0
s„ i s  n o t  a  u n i t  l e t  ^  be  th e  l e a s t  o r d i n a l  su c h  t h a t  s .  6 3 ; ,  .l ie n<-• 1 c^ C,
^  and  i s  n o t  a l i m i t  o r d i n a l .  A n o th e r  a p p l i c a t i o n  o f  th e
F a c t o r i z a t i o n  lemma y i e l d s  s .  = s„  w here s 0 £ 3 , . and  a ,  h a s
1 ^ 2  2 ' 
no n o n - u n i t  r i g h t  f a c t o r  i n  3 > , . C l e a r l y  a  , £  S ,  . I f  s ,  i s  n o t  a
2 * " x  2  2
u n i t  we may r e p e a t  th e  p r o c e s s .  Low th e  p r o c e s s  c a n n o t  c o n t in u e  i n d e ­
f i n i t e l y  s in c e  vie xvould o b t a i n  an  i n f i n i t e  s e q u e n c e 0</'^"p- o< > • • •
24
c o n t r a d i c t i n g  th e  v/e 11 o r d e r in g  o f  th e  o r d i n a l s ,  'thus th e  p r o c e s s
s t o p s ,  s a y ,  w ith  th e  i n t e g e r  n .  T h a t i s ,  a h a s  no n o n - u n i t  r i g h t  f a c -
n
t o r  i n  S> and s n  i s  a u n i t ,  T h is  e s t a b l i s h e s  e x i s t e n c e  o f  th e  f a c -  
n
t o r i z a t i o n .
To p ro v e  u n iq u e n e s s  su o p o se  z = r a  = s b -  , , » b  a re  two
* 1  h  n .  m i 
f a c t o r i s a t i o n s  o f  z  o f  th e  ty p e  s t a t e d  i n  th e  th e o re m . Then th e  se c o n d
p a r t  o f  th e  F a c t o r i z a t i o n  le n n a  a p p l i e s  and y i e l d s  r  = sUq f o r  sone
u n i t  Uq 6 R, T h e re fo re  . r. . = u ^ 'b  „ « .* b  .  e v id e n t ly  <=1 = P ,
i n  ' I ' m  '
/ ig a in  th e  se c o n d  p a r t  o f  th e  F a c t o r i z a t i o n  lemma a p p l i e s  and  y i e l d s
^  = u ^ b ^  u^ f o r  some u n i t  u^ e  R, C a n c e l l in g  t h i s  f a c t o r  we o b t a i n
ay “ ' tfi • ♦ •h -  . U n iq u en ess  now f o l lo w s  by i n d u c t i o n ,  .X2D,
2 n p 2 Pm
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CHAPTER I I I
APPLICATION 10 ARBITA.VRY J2LAMANTS IN A PRI DOMAIN
U nique f a c t o r i z a t i o n  an d  i n f i n i t e  p r im e s
I n  t h i s  s e c t i o n  v/e s h a l l  c o n s t r u c t  a  n a t u r a l  s e t  \ » ( £ l |
w h ich  i s  a r i g h t  q u o t i e n t  c h a in  i n  a  r i g h t  B e;-out dom ain  R, :.'e s h a l l  
th e n  a p p ly  th e  F a c t o r i z a t i o n  th eo rem  t o  t h i s  r i g h t  q u o t i e n t  c h a i n ,  L'e 
b e g in  by c h a r a c t e r i z i n g  th e  p e c u l i a r  f a c t o r s  t h a t  a p p e a r  i n  th e  
F a c t o r i z a t i o n  th e o re m . F o r t h i s  p u rp o se  v/e n a h e  th e  f o l lo w in g  d e f i n i ­
t i o n .
D e f i n i t i o n  L e t  I  = ^  |  0 & ~°^o\ an  i n i t i a l  seg m en t o f
o r d i n a l s  and  l e t  ]°<e l}  b e  a  r i g h t  q u o t i e n t  c h a in  i n  an i n t e g r a l
dom ain  R. F o r  e a c h  n o n - l i m i t  o r d i n a l  c ( f  I  an  e le m e n t  x  i s  c a l l e d  
a n  o (-p rim e  i f  xR i s  m axim al i n  ^xR \ x  6 ^  ^  ^  ,
Lemma 14 L e t  I  = j 0 <K be  an  i n i t i a l  se g m en t o f
o r d i n a l s  and  l e t  be a r i g h t  q u o t i e n t  c h a in  i n  a  PRI
dom ain  R, I f  ^  i s  a  n o n - l i m i t  o r d i n a l  i n  I  and  x  i s  an  o^-prim e th e n  
x  i s  p rim e i n  K, , .o ( - I
P r o o f ,  Assume th e  h y p o th e s e s  an d  l e t  x  be an  - p r im e .  Suppose
xIS<-l £  C. £(..]_• C xl^ _ i  A  R £  yll^ R C L e t  y <?R
be su c h  t h a t  yR = y l ^  /)  R . l ie n  xR £  yR, The d e f i n i t i o n  o f  ^ - p r im e
im p l ie s  t h a t  y  f S  1 and  t h e r e f o r e  y  i s  a u n i t  i n  L and y l’ = K
of-1 «4-l *  -1
Now y l ^ _ t  = an d  so  yll^_1 = K. T h is  show s t h a t  x  i s  p rim e  i n
^ _ r
26
Lenna 15 L e t d  be a  w eak B ez o u t do m ain , l e t  I  be  an  i n i t i a l  
seg m en t o f  o r d i n  I s ,  and  l e t  e I  j  b e  a r i g h t  q u o t i e n t  c h a in  i n  II.
I f  x , , . . . ,  x, a r e  «(- p r i m e s , th e n  x  . * ,x  h a s  no n o n - u n i t  r i g h t  f a c t o r
1 ll
t h a t  b e lo n g s  to  3 . _ •°\ -1
P r o o f ,  Ihc p r o o f  i s  by in d u c t io n  on  k . The lem na i s  t r u e  i f
k = 1 by  th e  d e f i n i t i o n  o f  o ^ - p r in e .  Assume 3c i s  an  i n t e g e r  g r e a t e r
th a n  1 and th e  lem na h o ld s  f o r  p o s i t i v e  i n t e g e r s  l e s s  th a n  3c. S uppose
x-L, , , x i -  ab  w i th  b € 3^ _ ^ f a. e  d  and  x^ a r e  o < -p r im e s , ,7e s l i n l l  show
t l i a t  b m ust be a  u n i t .  I f  a d  <f x^ P. th e n  a  = x  s , s  &II, Hence
x 0 . . .x ,_  -  s b .  By i n d u c t io n  i t  f o l lo w s  t h , . t  b  m ust b e  a u n i t .  Suppose ... ^
on th e  o i l i e r  h a n d  t h a t  ad  <t- x 1R. Then s in c e  x^d  A  a d  /  {Oj and  d i s a
v/e a!: B ezo u t dom ain  i t  f o l lo w s  t h a t  x 1d + a d  = d d  and  x ^ d  A  a d  = n d  f o r  
so n e  d ,  n  e d ,  C hoose a ’ , a ,  x ^ e d  su c h  t h a t  x^ = d x * , a  -  d a ’ , and  
n  = x  a  = a x .,.  -hen ::*d  + a ’d  = d , x*d  p  a 'R  = a * x „ d . C o n s e q u e n tly  
" 'h  .  I low x 1 , . . x  -  x  a z  f o r  some z e  .1, T h e r e f o r e  ab = x  . ..x ,_  -  x  zz
JC X X ^ JL
and so  b  = x . z ,  Hence z €  S. , s in c e  b e - 3 , ,  ,  I t  f o l lo w s  fro m  X o< -1 o(~ 1
::0 , , , : c .  -  az and  by in d u c t io n  t h a t  i s  a u n i t .  C o n s e q u e n tly  b i s  a
r i g h t  a s s o c i a t e  o f  X-, .  h e  r e f  o r e  x W x ,  y i e l d s  x H  end h e n c e  x 1 ^ 3
c ^ - l
by  Lemma 7 .  Now d & S , , b e c a u s e  x . d  C d d . t h e r e f o r e  x  -  c.lx‘ g/J .
1 -r 1 0^-1
Ilov/evcr t h i s  c o n t r a d i c t s  th e  f a c t  t h a t  x^  i s  an ^ - o r i n e .  l i p .
'..he n e v e r  d, i s  a v/e ah B e z o u t dom ain  d* w i l l  d e n o te  t i e  s e t  o f  
f i n i t e  d im e n s io n a l  e le m e n ts  o f  d . h i t h  a d d i t i o n a l  h y p o th e s e s  v/e a r e  
a b le  to  s t a t e  a  c o n v e rs e  t o  Lemma .15 s f o l l o v / s .
Lemma 16 L e t d  be  a  weal; B ezo u t dom ain  s a t i s f y i n g  th e  
a s c e n d in g  c h a in  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s .  L e t I  b e  an  
i n i t i a l  segm en t o f  o r d i n a l s  and  l e t  f s^  | °< fe l} b e  a  r i g h t  q u o t i e n t
27
c h a in  i n  R . ijc t a(  be  a  n o n - l i n i t  o r d i n a l  i n  I  and assum e t h a t
3^ C ( 1^ _ . , ) * •  1^  a e  3^ h r -s n°  n o n - u n i t  r i g h t  f a c t o r  t h a t  b e lo n g s  to
3- - th e n  a  i s  a  p ro d u c t  o f  o ( - t> r in e s .
<a -1
P ro o f*  .Issu n c  th e  h y p o th e s e s .  S in c e  a  6 3 ^  3^  ^ v/e may clioose
x-: (by th e  a s c e n d in g  c h a in  c o n d i t i o n  f o r  p r i n c i p a l  r i g h t  i d e a l s )  su ch
t h a t  x . d  i s  n a rc in a l i n  -^xd  ^ad  C xR and  :;fe ^  • Then x^ i s  an  o ^ -n r in e
a n d  a  = x„ s .  f o r  so n e  s f e l l .  O b v io u s ly  s .  fc S , and i f  s„ i s  n o t  a  u n i t  
1 1  1  1  1
t h e n  s .  fe 3 . \ 3 ,  b e c a u s e  o f  th e  a s s u n p t io n  o n  a ,  Je  r e p e a t  t h e  a r g u -J. o ( " l
n e n t  a n d  o b t a i n  s„ -  x -,s0 w here  x-, i s  an  o Z -n rin e  ; nd  so  e 3 . I f  t h i s
p r o c e s s  d o e s  n o t  t e r m in a te  v/e o b t a i n ,  f o r  e a c h  jx > s i t iv e  i n t e g e r  i ,
s .  = x .  s .  „ v /here x . . .  i s  z n ,V -o r im e . S in c e  e ach  x .  i s  a n o n - u n i t  a  i + l  i +I i +i  ^  ' i
i n  II. by Lemna 3 v/c o b t a i n  . a  f  R s C K s  C . . .  , Phe p r o o f
-1- OS ■ " !  ^  w — 1  1  '  OS — 1  2  X
o f  Le. uia 2 th e n  shov/s t h a t  d in , .  a = <*£s , c o n t r a d i c t i n g  a  & (11 ) ’ .
J ^ _ l  * - 1
t h e r e f o r e  th e  p r o c e s s  t e m i n a t e s ,  s a y ,  v / i th  th e  i n t e g e r  I:, .b u s  
a  = 3c1 .* » x t s ,. an d  s i i s  a  u n i t  i n  R . .(23*
"*• i-Z ^  1
d a c h  r i g h t  D ezou t dom ain  c o n ta in s  a  n a t u r a l  r i g h t  q u o t i e n t  
m onoid  a s  f o l l o v / s ,
Lemna 17 L e t d  b e  a  r i g h t  D ezou t d o m ain . Then R’ = ^ a fe d jd im  afe«o}
i s  a r i g h t  q u o t i e n t  m o n o id .
P r o o f .  C le a r ly  0 H and 1 fed ! dJLso a s p ,  a f e d  and  a ^ - a  im p l ie s
d i n  a -  dim  a and  h e n ce  aCR*-. S uppose  a ,  b £  11 and  v/e may assum e t h a t
a ,  b  /  0 .  .l ie n  a d /a b d  = R /bR  and  t h e r e f o r e  dim  ab = dim  a  + dim  b .
Hence a b £ R ’ i f f  a ,  b  e R * . i t  f o l lo w s  by th e  se c o n d  p a r t  o f  Lemna 7
t h a t  R* i s  a  r i g h t  q u o t i e n t  m onoid  i n  R, QHD.
L e t  R be a  r i g h t  D ezou t d o m a in , Vie c o n s t r u c t ,  by t r m s f i n i t e
i n d u c t i o n ,  a  n a t u r a l  c h a in  \ o< i s  an  o r d i n a l j  o f  r i g h t  q u o t i e n t
m onoids i n  R as  f o l l o w s .
e t  3 ^  = 3 ' .  L e to {  be an o r d i n a l  c h e a t e r  th a n  z e ro  raid assum e
(«)
It h a s  b e e n  d e f in e d  and i s  a  r i g h t  q u o t i e n t  r io n o id  w henever P<.°{, 
and l e t  lip = 3 ( 3 ^  j " 1 . By Lemma 11 lip  i d  a  r i g h t  B ezou t d o n a in  and
t h e r e f o r e  Up* i s  a  r i g h t  q u o t i e n t  m onoid  i n  K by Lemna 17 ( ) .
he d e f in e  3 ^   ^ by
3 (o<) = .U  3 ^  i f  o( i s  a  l i m i t  o r d i n a l
3 ^  = (IC, 1 ) ' / R  3  i f  i s  n o t  a  l i m i t  o r d i n a l .c< “ 1
<p<)
To show t h a t  th e  i n d u c t io n  i s  v a l i d  we m u st show t h a t  It i s
a  r i g h t  q u o t i e n t  r io n o id . I f  c*< i s  a  l i m i t  o r d i n a l  th e  p r o o f  i s  o b v io u s .
A ssune t h a t  ^  i s  n o t  a  l i m i t  o r d i n a l .  O b v io u s ly  0 £  I t ^  and  1 6 3 ^ .
A lso  ab £ 3 ^ ° ^  i f f  a ,  b  £ 3 ^ ° ^  b e c a u s e  ( It ) '  h a s  t h i s  p r o p e r t y .  Now i f
01—1
(®0 -  -  —a  £ A , a  s i t ,  and  a<~ a th e n  a ^ r a  by Lenna 6 , S in ce  a g  (;; ) ’ i t  f o l lo w s
It I v - i
*  "  -  (°() 
t h a t  d i n  a  = d in  a: and a  £ (I., - ,)* •  Hence a  £ 3  .  'Hie n y n o th e s e s
‘W-1  V -1 ^
f o r  th e  se c o n d  p a r t  ox Lemna 7 a re  s a t i s f i e d  and t h e r e f o r :  3 ’“  i s  
a  r i g h t  q u o t i e n t  n o n o id .  ^uID.
I f  o( t P a r e  o r d i n a l s  su c h  t h a t  cA ^  P ,  th e n  3^°^  d  3 .
QA) (<A +l ) M ) W +1 )
A lso  3  = 3  r o r  sone  o r d i n a l  o< .  P o r  i f  3  ^  3  f o r  e a c h
o r d i n a l  <?( th e n  c a r d ( 3 ^ ° ^ )  card(eK) f o r  e a ch  o r d i n a l  o{ # C h o o sin g  ft
CP)
su c h  t h a t  c a r d ( £ )  >  c a r d ( 3 )  we o b t a i n  c a r d ( ^ )  >  c a r d ( 3 ) :> c a r d (3  ) ,  
a c o n t r a d i c t i o n ,  he l e t  o(0 d e n o te  th e  l e a s t  o r d i n a l  su c h  t h . . t
^(ofo) _ and  we c a l l  | |  o £  th e  r i g h t  D -c h a in
(D im en sio n  c h a in )  i n  3 .
E v id e n t ly  th e  r i g h t  D -c h a in  i n  a  r i g h t  B ez o u t d o n a in  3  i s  a 
r i g h t  q u o t i e n t  c h a in  i n  3 .  I f  3  i s  a  P 3 I dom ain  th e n  th e  r i g h t  D -ch r.in  
h a s  a n  a d d i t i o n a l  p r o p e r ty  a s  f o l l o w s .
Lemma 1G L e t 3  be a  PRI d o n a in  and l e t  -^ 3 ^ ^  \ 0 <L °C ^e
th e  r i g h t  D -c h a in  i n  3 .  l i e n  3 ^ ° ^  = 3 * .
P r o o f .  Suppose A ^  Then by  th e  maximum c o n d i t i o n  i n
th e  P h i d o n a in  -I v/e nay  c h o o se  x  su c h  t h . , t  xR i s  n a x in a l  i n
|x h  | x e ? * s  R ^ ° ^ J .  'Hie p r o o f  o f  Lemma 14 c a n  b e  u s e d  t o  show t h a t
x  i s  p r in e  i n  K . = R C R ^0 ^ )” 1 .  I n  p a r t i c u l a r  x £  (K , )* an d  so  
* 0  0
x  e (K ) M  R = T h is  c o n t r a d i c t s  R ^ 0+ 1  ^ = R ^ O ^ . l i e r e f o r e
U0
R* = R0^ .  .^ D ,
D e f i n i t i o n  L e t h  be a  P h i d o n a in  an d  l e t  { r ^  | 0 ^  t
be th e  r i g h t  D -c h a in  i n  h« he s h a l l  c a l l  t h e  ^ - p r i n e s  i n  h  i n f ^ ^  p r in e s
(w here <K i s  an  o r d i n a l  su c h  t h a t  °( < < ^q ). T o r e a c h  s u c h  o r d i n a l  M o t h e r
th a n  a e ro  l e t  Z be th e  s e t  o f  ( f i n i t e )  p r o d u c t s  o f  i n f p r i n e s .
"(0 ) „  . ( 0 )Uz U .u “  xS »
L e t h b e  a  P h i d o n a in  and l e t  o( be a n o n - l i n i t  o r d i n a l  w i th  
^  I f  i s  m axim al i n  | x l  1 x  fc RN R ^  th e n  th e  p r o o f  o f
Lcnna ID c a n  be u s e d  to  show t h a t  x  i s  p r in e  i n  .  I n  p a r t i c u l a r
(0/\  (of}
x c C ly ^ - L ) ’ r\ R = R an d  t h e r e f o r e  x  i s  a n  i n f  p r im e .  Hence x < ?h
i s  a n  i n f  ^  p r in e  i f f  x ll i s  n a x in a l  i n  ^xR | x  £  I{S ^  .  .Is a  c o n -
(pi)s e q u e n c e  v/e n o te  t h a t  i n f  p r in e s  e x i s t  f o r  e a c h  c<' C by  th e  n .-x -
inum  c o n d i t i o n i n  h .  I n  f a c t  f o r  e a c h  a ft  ? P “~ \  zR C  xR f o r  so n e  i n f  ^ ^
p rim e  :£,
I f  h  i s  a  PRI d o n a in  v/e cs.n com bine Lemmas 15 a n d  16 i n t o  
th e  f o l l o w i n g .
Lemna 19 L e t h  be a  PRI dom ain  n d  l e t  j R ^  ) 0 4  o< 
b e  th e  r i g h t  D -c h a in  i n  R . L e t  <K b e  a n o n - l i n i t  o r d i n a l  su c h  t h a t  
o( 4 ' o<q » an d  l e t  z e R ^ ) .  Then z  h a s  no n o n - u n i t  r i g h t  f a c t o r  i n  ^
i f f  z s  Z ^ ,  i . e . ,  i f f  z  i s  a  p r o d u c t  o f  i n f ^  p r i n e s .
U s in g  Leronas 13 an d  19 v/e c a n  s t a t e  th e  f a c t o r i s a t i o n  th eo re m  
f o r  t h e  p r e s e n t  c a s e  as f o l l o w s .
Theorem  5 L e t R, be  a PRI d o n a in  and  l e t  { r ^  1 0  i  ^ <4 \    0 3
b e  th e  r i r r h t  D -c h a in  i n  R* E ach  a eR  c a n  b e  w r i t t e n  as a  = z .  . .  . z  ,
°<VAli
w here  o(. a r e  n o n - l i m i t  o r d i n a l s  su c h  t h a t  >°i/1 >  •• •> » < , and
z ,^ ^  Z 1 * 'd a is  f a c t o r i z a t i o n  i s  u n iq u e  i n  th e  s e n s e  t h a t  i f  
i
a  = Ya • ••Ya  i -3 a n o th e r  su c h  f a c t o r i z a t i o n  o f  a  th e n  h  = k f •/. = ^  
h  1 i
( i  = 1 ,  2 ,  ###f k ) ,  and  t h e r e  a r e  u n i t s  u - , u« i n  R su c h  t h a t
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3 .2  Che l o c a l  c a s e
I n  t h i s  s e c t ic n w e  assum e t h a t  3, i s  a PRI d o n a in ,  and 
|  o  i  o( t  d e n o te s  th e  r i g h t  D -c h ;iin  i n  R. We c o n t in u e  t o  u se  
th e  n o t a t i o n  = RC! ^ ) ” 1 w h en ev e r £ •< « I f  °< ,  P a r e  o r d i n a l s  
w i th  ,  we l e t  [p ,o (] , ( $ , < * ) ,  [ f  ( ? ,« (] d e n o te  th e  u s u a l
i n t e r v a l s  i n  th e  c o l l e c t i o n  o f  o r d i n a l s .  I f  J  i s  one o f  th e s e  i n t e r v a l s
•jf
J  w i l l  d e n o te  th e  s e t  o f  e le m e n ts  i n  J  t h a t  a r e  n o t  l i m i t  o r d i n a l s .
H ie t e r n  " u n iq u e "  w i l l  m ean " u n iq u e  u p  to  r i g h t  u n i t  f a c t o r . "
I h e o r e n  0 L e t R be a  PRI d o m a in . Suppose R h a s  a  u n iq u e
i r j f  (1 )  p r £n e  : -f and  su p p o se  xR C pR f o r  e ach  p r im e  p i n  R . Then R i s
n o t  a  l e f t  Ore d o n a in .
P r o o f .  I f  R i s  a  l e f t  Ore dom ain  th e n  s in c e  R i s  a  weak B e z o u t
d o n a in  i t  m u st be a  l e f t  B e z o u t d o m ain . L e t p b e  a  p rim e  i n  R. C hoose
d ,  m, p ’ , : ; ' f R  su c h  t h a t  Roc + Rp = M ,  Rx r\ Rp = Rm, an d  n  = p 'x  = x ’p .
how d i s  a u n i t ,  f o r  e i t h e r  Rd = Rp o r  Rd = R b e c a u s e  p i s  p r im e .
How ever i f  Rd = Rp th e n  2: w ou ld  h a v e  p  a s  a  r i g h t  f a c t o r  c o n t r a d i c t i n g  
x  b e in g  an  i n f ^  p rim e  ( s e e  Lemma 1 9 ) .  I t  f o l lo w s  t h a t  Rd = R.
T h e r e f o r e  x ~ x '  and  p ^ p ’ .  Ilence p ' i s  p r i n e ,  an d  dim x ’ = dim  x  = oO .
S in c e  x ’R C yR f o r  some i n f  p rim e  y  by  th e  m,ixinum c o n d i t i o n  i n  R,
i t  f o l lo w s  t h a t  x ’R C x R . Rhus 2: ’ = :ss f o r  some s  e R .  Now p ’R + x 'R  = R,
o th e r w is e  p ’R + x ’R = p ’ R b e c a u s e  p ’ i s  p r im e , T h is  w ou ld  im p ly  x ’ = p ’z
f o r  some z e R  and  t o g e t h e r  v ; i th  p ’x  = x ’p w ou ld  y i e l d  x  = z p ,  c o n t r a ­
d i c t i n g  x  b e in g  an i n f ^   ^ p rim e  ( s e e  Lemma 1 9 ) .  I t  f o l lo w s  t h a t
R = p ’R + x ’R C p ’R + 2d! and t h e r e f o r e  p ’R + xR = R . Ilence  2cR £  p ’R,
and  t h i s  c o n t r a d i c t s  th e  h y p o th e s e s .  wdD.
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Lemma 20 L e t d be a  P d l d o n a in .  Suppose $  ^ d  K
h a s  a  u n iq u e  i n f ^  p r i n e .  Then It h a s  a  u n iq u e  i n f ^  p r in e  f o r  e a ch
o{ £ [f> , U  ol •
P ro o f#  B ecause  o f  th e  n e x in u n  c o n d i t io n  i n  d  i n f p r i m e s
e x i s t  f o r  e a c h  e  [ o ,  ^  To p ro v e  t h a t  th e  i n f  ^  p r in e s  a r e  u n iq u e
i f  e. we u se  t r a n s f i n i t e  i n d u c t io n .  L e to ^ £  ( f  »o^q ]*  J’-nd
assu n e  d h a s  a u n iq u e  i n f  ^  p r in e  w h enever £  , d ) *  • L e t y ,  z be
(<*;)
tiro i n f  p rim e s  i n  d and su p p o se  y d  ^  z d .  L e t  d ^ d  su c h  t h a t
dd  -- y d  + z d .  he c la im  t h a t  i f  <T e  [ f , ° 0  th e n  d e. d  N d  ,  F o r  su p p o se
S  ) and l e t  x  be th e  u n iq u e  i n f ^ ^  p rim e  i n  d . Nov/ yd  C, a d  f o r
( £ )
sone  i n f  p r in e  a i n  d (by th e  maximum c o n d i t i o n )  and h e n c e  yd, C x d .
oO
I n  f a c t ,  y d  C ^ Q ^ d  f o r  o th e r w is e  v/e ca.n ch o o se  th e  l a r g e s t  i n t e g e r  n  
su ch  t h a t  y d  d  xn d . d ien  y = xn s f o r  sone  s e d \ x d .  I t  f o l lo w s  t h a t
sG d ^ "* 1  ^ (o th e rw isw  s d  C xd  by th e  maximum c o n d i t i o n ) .  Hence
y  = xns  e  w h ich  c o n t r a d i c t s  th e  f a c t  t h a t  y i s  an  i n f  p r i n e .
oQ ob
th e r e f o r e  yd,. C  A ^ ’cHd. S im i la r ly  zd  C a n d  hence  dd  C
<**
Then dKr C d \ r  L  1 and  h e n c e  d in v  d = »*> # Tnis shows t h a t  d  ^  ( i ' ) 'J - l  n=0 <*—■*■ jv. cT“ l
(£ )  *and  so  d f  d .  i h i s  e s t a b l i s h e s  o u r  c la im  t h a t  g  e [ f  ,  ) im p l ie s
d € d v'd a ; .  Now d «  d ^  ^  b e c a u s e  yd  c.  dd  and  y i s  a n  i n f ^ ^  p r in e #  I f
o ( - l  i s  n o t  a  l i m i t  o r d i n a l  we hav e  c o n t r a d i c t e d  th e  c la im #  I f ^ - l  i s  a
l i m i t  o r d i n a l  th e n  f> ^ V - l  b e c a u s e  f t  °< and  f  i s  n o t a l i m i t  o r d i n a l .
Ilence d ^  1 ‘) = ^ d  v/e n ay  ch o o se  £  e t y  su c h  t h a t  d<F
A gain  t h i s  c o n t r a d i c t s  th e  c la im .  I t  f o l lo w s  t h a t  yd  = zd# v^BD.
Lemma 21 L e t d  be a  P d l dom ain  and l e t  <d«^0, c<0 ) o r  d  -  -1#
Tlien i s  a  l o c a l  dom ain i f f  d. h a s  a  u n iq u e  i n f ^ +^  p r im e .
P r o o f .  Suppose i s  a l o c a l  dom ain . Then by Lemma IS  d ^ d ^ ^  i s
a n  i d e a l ,  s a y ,  d \ d ^ ° ^  = xd# L e t z  b e  an  i n f  ^  ^  p r in e  i n  d .  Then
z<= d ( ° ^  = x d  and  z d  c  x d . Ilence  z d  = x d  s in c e  z i s  a n  i n f ^ + 1  ^ p r im e .
(W+X )ib p ro v e  th e  c o n v e rs e  assum e t h a t  .1 h a s  a  u n iq u e  i n f  p rim e  x .  J i e n
x  i s  p rim e i n  ■: by  Lemma 1 4 . L e t z be  any  p rim e i n  i: .  L e t z 6 il su c h  
t h a t  “ d = z 1^  A d .  Ih e n  c l e a r l y  zK^ = z i ^ .  how z d  C x d  by  th e  maximum 
c o n d i t i o n  i n  1  and s o  z ll^  C xIC^ and z ll^  L xl y .  Ilence zll^  = xK^ s in c e  
z i s  p rim e  i n  .  I t  f o l lo w s  t h a t  i s  a  PHI dom ain  w i th  a  u n iq u e  
p r i n e .  C o n se q u e n tly  11^ i s  a  l o c a l  d o m ain . '^HD.
th eo re m  7 Let S be a  P d l d o n a in .  Suppose ^  o r  ^  =
and II^  i s  a l o c a l  d o m ain , h e n  11^  i s  a  l o c a l  d o n a in  f o r  e a c h  o( £ [ f  + 1 , ,
and i f  ^ +1 th e n  d i s  n o t  a  l e f t  Ore d o m ain .
(jf+1 )P r o o f .  S in c e  K^ i s  a  l o c a l  d o n a in  d h a s  a  u n iq u e  i n f  p rim e
(°<)by Lemma 2 1 . I t  f o l lo w s  by  Lemma 20 t h a t  I h a s  a u n iq u e  i n f  p rim e  
f o r  e a c h  +~ » c^ q 1 ,<» T h e re fo re  1 '^  i s  l o c a l  f o r  each o ( £  \ f  + 1 ,< ^q]*
by Learm  2 1 .  I f  6  jj? + 1 , „< an d  i s  a  l i m i t  o r d i n a l  th e n  I I ^ = ^ y  Kj..
I n  t h i s  c a s e  t h a t  K ^ i s  ; l o c a l  dom ain  f o l lo w s  by t r a n s f i n i t e  i n d u c t i o n .
I h i s  p ro v e s  th e  f i r s t  n a r t  o f  th e  th e o re m . how assum e t h a t  P +1 C ^ q»
L e t x  be th e  u n iq u e  i n f ^ +<^  p rim e an d  p th e  u n iq u e  i n f  ^ +"^  p rim e  i n  2 . 
Then i n  II ^  p i s  th e  u n iq u e  p rim e  and x  i s  th e  u n iq u e  i n f p r i m e .  Ilence 
s a t i s f i e s  th e  h y p o th e s e s  o f  theorem  6 an d  so  K^ i s  n o t  a  l e f t  Ore 
d o m ain . From t h i s  i t  f o l lo w s  e a s i l y  t h a t  .1 i s  n o t  a  l e f t  Ore domain. fCD.
I f  d i s  a  l e f t  Ore P d l d o n a in  su c h  t h a t  d  = d* t l ie n  d i s  a l s o
a  PLI do m ain . F o r  e a c h  n o n - ,:e ro  e le m e n t  o f  d  h a s  f i n i t e  d im e n s io n . Con­
s e q u e n t ly  th e  r e s t r i c t e d  d e s c e n d in g  ch  i n  c o n d i t i o n  h o ld s  i n  d  and  
t h e r e f o r e  th e  a s c e n d in g  c h a in  c o n d i t i o n  f o r  p r i n c i p a l  l e f t  i d e a l s  h o ld s
i n  d  (Lemma 2 ) .  how d  i s  a  weak B ezo u t dom ain  s in c e  d i s  a  P d l do a i n .  
S in c e  i n  a d d i t i o n  d i s  a  l e f t  Ore dom ain  d  i s  a  l e f t  B e z o u t dom ain . I n  
C h a n te r  1 v/e p ro v e d  t h a t  r i g h t  ( l e f t )  B ezo u t dom ains s a t i s f y i n g  th e
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a s c e n d in p  c h a in  c o n d i t i o n  f o r  p r i n c i p a l  :rirj-11 ( l o f t )  i d e a l s  jls a  p d l 
(P L I; d o n a in .  donee d i s  a  PLI d o n a in .
C o r o l la r y  1 n e t  II be a  l e f t  Ore P d l d o n a in .  L e t j(S d e n o te
th e  l e a s t  o r d i n a l  i n  ouch t h a t  i s  a  l ^ c a l  d o n a in  ( 1^ ,  i s
P0 0 
1 c a l  s in c e  i t  i s  a  f i e l d ) ,  th e n  e i t h e r  1 ) ^  = 0 and d  i s  a  PLI d o n a in ,
or 2) 0^ = V  or ^o+1 = 0V
P r o o f ,  .Cssune th e  h y p o th e s e s ,  su p p o se  /  0 and  •/ cK^. th e n  
by  th eo ren  7 ^ Q+ l o<0» h en ce  +1 die r e f  o r e  ^ + 1  -  c<Q.  . LD.
C o r o l la r y  2 d  l o c a l  l e f t  Ore P d l d o n a in  i s  a  PLI d o n a in .
P r o o f .  L e t d be a  l o c a l  l e f t  Ore P d l d o n a in .  I f  d  i s  n o t  a
PLI d o n a in  th e n  oL 1* 0 .  L e t f  ~ - 1 .  t h e n  \'.A -• d  i s  a  l o c a l  d o n a in  and0 r
$ + l £  o (q . Ilence by theorem  7 d i s  n o t  a  l e f t  O re d o n a in ,  a c o n t r a ­
d i c t i o n  .  ;dD.
th e  l a s t  two c o r o l l a r i e s  L-ive c o n d i t io n s  u n d e r  w h ich  a  P d l d o n a in  
i s  a ls o  a PLI d o n a in .  he c o n je c tu r e  t h a t  C o r o l l a r y  1 n a y  be r e s t a t e d  by  
o n i t t i n y  3 )  f r o n  th e  c o n c lu s io n s .  In d e e d  i t  nay  lie t r u e  t h a t  e v e r y  l e f t  
O re P d l d o n a in  i s  a l s o  a  PLI d o n a in .  I n  p a r t i c u l a r  no e n a n p ic  i s  Liiov/n 
to  th e  a u th o r  o f  a l e f t  Ore P d l d o n a in  t h a t  i s  n o t  a PLI d o n a in .
35
3 .3  . ix a n p le : skew  p o ly n o m ia l errfcensions
l/e now in t r o d u c e  th e  im p o r ta n t  exam ple  o f  shew  p o ly n o m ia l 
e x te n s io n s  w h ich  was d e f in e d  by A. V. J a te g a o n ’i a r  i n  [8]*  T h is  exam ple  
s e r v e s  t o  i l l u s t r a t e  some o f  th e  c o n c e p ts  t h a t  h a v e  b e e n  d ic u s s e d *  In  
p a r t i c u l a r  we s h a l l  i l l u s t r a t e  Theorem  5 f o r  th e  l o c a l  c a s e .
I f  L i s  a r i n g  and <r i s  a  n o n o n o rp h is n  fro m  L i n t o  L, we s h a l l
d e n o te  by II = L[x,vl[ th e  r i n g  o f  shew  p o ly n o m ia ls  i n  am in d e te r m in a te
x  w i th  c o e f f i c i e n t s  i n  L ( w r i t t e n  on  th e  r i g h t  o f  x ) .  ; \d d i t io n  i s  th e  
u s u a l  o in tw is e  a d d i t i o n  and m u l t i p l i c a t i o n  i s  d e te rm in e d  by th e  a s s o c i a  
t i v e  an d  d i s t r i b u t i v e  law s and by  th e  com m uta tion  r u l e  a x  = xa'J_ ( a e L ) .  
I t  i s  e a s y  to  p ro v e  t h a t  L i s  a  s u b r in g  o f  II, and  i f  L i s  an  i n t e g r a l  
d o n a in ,  th e n  so  i s  II ( s e e  O re [ i d ] ) ,  b e f o r e  p ro c e e d in g  w i th  th e  exam ple 
we s h a l l  n eed  to  e s t a b l i s h  two lem m as.
Lemna 22 L e t II = L [x,*r] • Then II i s  a P ill d o n a in  i f f  L i s  a
P h i d o n a in  and th e  n o n -z e ro  n e n b e rs  o f  I?" a re  u n i t s  o f  L .
P r o o f .  See J a te g a o n h a r  [ s ] .
I low i f  p i s  p r in e  i n  L th e n  c l e a r l y  p  i s  p r in e  i n  II . I t  f o l lo w s
t h a t  i f  a € L and a  i s  a  p r o d u c t  o f  p r im e s  i n  L t h e n  a i s  a p ro d u c t  o f  
p rim e s  i n  II, T h e re fo re  i f  a e L  and  dim L ,  t h e n  dira^ a  c  .
Lenna S3 L e t II = L [x ,« ^  be a PRI d o n a in .  I f  f  £11 h a s  a 
n o n -z e ro  c o n s ta n t  te rm  a  i n  L su c h  t h a t  a <  oO ,  th e n  d im ^ f  <«>o.
P r o o f ,  f i r s t  we show t h a t  i f  d  e L  and  d 1  0  th e n  1 + xd  i s  p rim e  
i n  II. Suppose 1 + x d  = h g , 0 d  e L , h e  II, and  g i s  a  n o n - u n i t  i n  II .
I f  g e L  th e n  g = c and h  = a  + xb w here a ,  b ,  c  e L .  Then
1 + xd  = ac + xbc  w h ich  im p l ie s  1 = a c  and  c i s  a u n i t ,  a  c o n t r a d i c t i o n .
T h e re fo re  g £ l I \ L  and deg g 1 .  I t  f o l lo w s  t h a t  deg g = 1 a n d  deg  h  = 0
JO
Thus li = c ,  g = a  + xb  ( a ,  b ,  c e L ) . Then 1 + xd  = c a  + cxb  = ca  + x c ^ b . 
Ilence 1 = c a  and  c i s  a  u n i t .  T h is  show s t h a t  i f  1 + xd  = hg  an d  g i s  
a  n o n - u n i t  th e n  h  i s  a u n i t .  C o n s e q u e n tly  1 + xd  i s  p rim e  i n  I-I.
To p ro v e  th e  lenm a v/e i n d u c t  o n  deg  f .  I f  deg  f  = 0 ,  th e n  
d iriL  f  C by h y p o t h e s i s .  I t  f o l lo w s  t h a t  d in ^  f< £ ,»o . I f  deg  f  = 1 , 
th e n  f  i s  o f  th e  fo rm  f  = ;. + xb  = a ( l  + x ( a T )  ^ b )  w here a , b e L .  Ibv/
dim ^ a<*>° by  h y p o th e s i s  and  so  d irijj a  < «o .  S in c e  1 Xv,a0_) ” '*'b i s  p r im e ,
i t  h a s  r i n i t e  d im e n s io n . C o n s e q u e n tly  d i m , £.»<>.
L e t n  ' y l  and assum e th e  lemma h o ld s  f o r  p o ly n o m ia ls  o± d e g re e  
l e s s  th a n  n .  L e t f  be  a  p o ly n o m ia l o± d e g re e  n  w i th  f i n i t e  d im e n s io n a l
c o n s ta n t  te rm  a y .  r i r s t  resum e eiq = 1 .  I f  z  i s  p r im e , th e n  d in ^  f  •
I f  f  i s  n o t  p r in e  th e n  f  = gh w here  g a n d  h  a r e  n o n - u n i t s  i n  u .  I r ' 
e i t h e r  g o r  h  h a s  d e g re e  z e ro  th e n  i t  m ust be  a u n i t  b e c a u s e  a^  = 1 .  
C o n se q u e n tly  0 < deg g 4  n ,  0 <  deg  h  < n .  I t  f o l lo v /s  by i n d u c t io n  t h a t  
g and  h  hav e  f i n i t e  d im e n s io n , and  h e n c e  so  do es  f .  Ibv; i n  th e  g e n e r a l  
c a se  l e t  f  = a^ + x a^  + . . .  + :cna n  (w here  a^  n e e d  n o t  e q u a l  1 ) .  Then 
f  = a Q( l  + x C a ^ J ^ a ^  + . . .  + x n ( a ^ r n ) “ 1 an ) and  h e n c e  f  i s  th e  p ro d u c t  
o f  two e le m e n ts  o f  f i n i t e  d im e n s io n , t h e r e f o r e  d im ^ f C .  qLD.
ile now t u r n  o u r  a t t e n t i o n  to  th e  c o n s t r u c t i o n  o f  th e  exam ple  
o f  skew  p o ly n o m ia l e x te n s i o n s .  L e t II be  a  (sk ew ) f i e l d  and l e t  ^  be an 
o r d i n a l .  L e t 1  be  a  r i g h t  t w i s t e d  p o ly n o m ia l e x te n s io n  o f  II w i th  
{^(•O  I ^  ^  Co, <*0 "p- a s  a  c h a in  o f  t w i s t e d  subdom ains from  II to  L.
( s e e  J a te g a o n k a r  [ S '] ) .  Thus f o r  e a c h  °<6 ] p ,  5f”]* t h e r e  e x i s t s  a  mono­
m orphism  1 ^— ^ ^  and an in d e te r m in a te  su c h  t h a t
L = and s u °h  t h a t  th e  f o l lo w in g  c o n d i t io n s  h o l d :
1T i i s  n o t a t i o n  i s  n o t  to  be c o n fu s e d  w i th  II, = v/hich
i s  s t i l l  i n  f o r c e .
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-'(!)) = r-[X0> t  (jl ’ ‘ “ '\< >
° ; W ) t v W  i f  •=< d o ,  s ] *
* < • < >  =  & \ f> * f  - K t w M o -  <T
iiach  e le m e n t  o f  d  i s  a  p o ly n o m ia l i n  a f i n i t e  num ber o f  i n d e t e r n i n a t e s
p
x ^  v ; ith  c o e f f i c i e n t s  i n  K. ,/e f u r t h e r  r e q u i r e  t h a t  CM f o r
e a c h  o( e \ 0 ,  <^ <) ( J a te g a o n h a r  [S ] show s how to  c o n s t r u c t  su c h  a s y s te m ) .  
Then I i s  a  P.II dom ain  by  Lemma 22 and  t r a n s f i n i t e  i n d u c t i o n .  In  p a r ­
t i c u l a r  d h a s  a r i g h t  D -c h a in  | 0 i  X
Tjemma 24 L e t 3 be th e  s e t  o f  p o ly n o m ia ls  i n  d  w i th  n o n -z e ro  
c o n s ta n t  t e r n s .  Then 3 i . e . ,  th e  m em bers o f  3 h av e  f i n i t e  d im en­
s io n  i n  d .
*
P r o o f .  I f  g 6  d  , l e t  1 (g )  d e n o te  th e  l e a s t  o r d i n a l  o( su c h  t h a t
g Then 1 ( g )  i s  n o t  a l i m i t  o r d i n a l .  To p ro v e  th e  lem n a  v/e u s e
t r a n s f i n i t e  i n d u c t i o n .  I f  f  f  j  and 1 ( f )  = 0 th e n  f «  K[xq , ^ .  Ilence
d i m f ^ .» o  by Lenma 2 3 , i . e . ,  f f  L e t o< £ ( 0 ,  o<3* and  assum e g £ S ,
l ( g ) <  °\  im p l ie s  g & d ^ ° \  L e t  f  6 3  w i th  1 ( f )  = U .  Then f  & d ,  d , ,
(®C) (p ( - l)
I t  fo l lo v /s  t h a t  f  = Iiq + 3^ 1^  + . . .  + x ^h n  v/iiere <? d ^ ^  and  hQ h a s  
a  n o n -z e ro  c o n s ta n t  te rm  i n  K. L e t J  = 1 ( h ^ ) .  Tlien • I t  f o llo v /s  by
in d u c t io n  t h a t  dim., h Q < .  T h e r e f o r e  dim  h n <. .  Lemma 23
( J )  u - l )  ( 0 .
a p p l i e s  and  y i e l d s  d in r, f <  °o .  Ilence dim ., f  < ®o ,  i . e . ,  f  Gd .  ^JiD.
OK)
Lemma 25 F o r e a c h  <K£ [ o t o (J*f x  
— — — — — 0<
P r o o f ,  d ie  p r o o f  i s  by t r a n s f i n i t e  i n d u c t i o n .  C l e a r l y  x Q £  d v»d^"’i ‘> 
s in c e  xQ i s  n o t  a  u n i t  i n  d .  L e t < ^ £ ( 0 ,  «C] * an d  assum e 
w h en ev er f  e [ 0 ,< } * .  F i r s t  assum e ^ - 1  i s  n o t  a  l i m i t  o r d i n a l .  Then 
X°< = :^ - l ^ ^ - l ^  1 = = *•* v ;h ich  shows t h a t
b e f o r e  V  I1°'re',er ^ - i  ^
by  i n d u c t io n  and h en ce  i s  a  n o n - u n i t  i n  ’^ _ 2» C o n s e q u e n tly
d im ,. x  ,  = cto ,  T h is  shows t h a t  x .  £  (K , „ )*  and  so  x ,  &  •  On th ek .  0 °\ °\ o\ - 2  <A
o t h e r  h a n d  assum e th p . t< ^ - l  i s  a  l i m i t  o r d i n a l .  L e t  <f be t h e  l e a s t  o r d i n a l  
su c h  t h a t  R ^ \  Then <T i s  n o t  a  l i m i t  o r d i n a l  an d  s o  x ^ e  
I f  «5’<°^ th e n  s in c e  £  j* < * -1 , < f< (o (- l . -hen th e  f o l lo w in g  e q u a t io n
X° C  ’  <xf * i }% (x^ r 2  = **• show s t h a t  L e n2 b (W " R'
S in c e  £+ 1  4 .  o< i t  f o l lo w s  by i n d u c t io n  t h a t  x^-+^ £  11^^ an d  t h e r e f o r e
x . , ,  i s  n o t  a  u n i t  i n  I ' r .  . .h e re fo re  x , e  /h^(.xp 1  )n K r and  d i n r  x  . = <* ,J-+1 a c< n=0 tr+l  £  iv£
h en ce  x , j£ ( l i p ) '  and  x^ c o n t r a d i c t i n g  th e  c h o ic e  o f  <£ • I t  f o l lo v /s
t h a t  ^  J ,  l i e r e f o r e  o< -l ^  £ - 1  and  C .  1 1 ^ " ^  \  C o n s e q u e n tly
Xj & k  N.v ,
(.c )^..'e s h a l l  nov/ show th e  r e l a t i o n s h i p  b e tw e e n  11 and h  . A s
U )
u s u a l  ( A ^ ) )  d e n o te s
Lemna 26 I-or e a c h  ^ e [ o f o<J, ( A ^ ) * C
P r o o f ,  The p r o o f  i s  by t r a n s f i n i t e  i n d u c t i o n .  S in c e   ^ = K (xQ, f  ^
e a c h  n o n -z e ro  member o f  i s  e i t h e r  a  u n i t  o r  i s  a  p r o d u c t  o f  p r im e s
( s e e  O r e j i o l ) ,  Ilence  i f  ± d .c . . and  f  ^  0 th e n  dim ,, f  < and  s o
<0) _  ‘‘( 0 ) 
d im ^ f  A -4 ,  'die r e f  o re  C  --et K  6  ( 0 , <*3 and  assum e t h a t
C R «>  v/he n e v e r  P £ £0 ,e<).  I f  i s  a l i m i t  o r d i n a l  th e  p r o o f  i s
o b v io u s .  Assume t h a t  ^  i s  n o t  a  l i m i t  o r d i n a l .  L e t  0 t  f  6 1 ^  =
Then f  = x£li + . . .  + sffli v/here h .  e l ,  and  li /  0 ,  Then 11 m i  (p(—1 ) n
f  = :£ h n ( l  -  x ^ C h ^  ) - 1h n+1 + • • •  + ^ H C h g 1-11) - 1^ ; .  Tne r i g h t  f a c t o r  
h a s  f i n i t e  d im e n s io n  by Lemma 24 and  h e R C “1)  by  i n d u c t i o n .
I f  we c a n  show t h a t  x^ i s  an  i n f ^  p r im e , th e n  xj* e and  t h e r e f o r e  
f  £  A w h ic h  .is th e  d e s i r e d  c o n c lu s io n .  Ilence  we p ro c e e d  to  show t h a t  
x ^  i s  a n  i n f ^  p r im e . How x ^ £  by Lenma 2 5 . ,/e c la im  t h a t
n o u - u n i t  i n  k and k l i e n  by  i n d u c t i o n  k e-k- ^ y  L o t
£  be th e  l e a s t  o r d i n a l  su c h  t h a t  -”a e n  & iG n o t  a 11 i1: o r d i n a l
and  *<(=.<? .  T ince  x ^  = :g , ': n u c t  be a  m onom ial i n  x ^ :  k = x ^ b ,
I f  S ~ o {  , th e n  x ^ =  kg = x ^bg  v ;h ich  im p l ie s  1 = bg and  g i s  a  u n i t  i n  k , 
a  c o n t r a d i c t i o n .  I f  < £ .< f , th e n  Xj=-- x ^ u f ' - T 1 .  T h e re fo re
x  = kg = :^X £ .(x jb - 1 bg  w h ich  im p l ie s  1 = x ^ Q x ^ ^ b g  and  g i s  a  u n i t ,  
a  c o n t r a d i c t i o n .  I t  t o l lo w s  t h a t  x ^  i s  an  i n f  p r im e , Q iJ .
,;e h a v e  s e e n  i n  th e  p r o o f  o f  Lenma 26 t h a t  x ^  i s  an  i n f
p r in e  i f  ^< = [0 , °<}*« In  f a c t  x ^  i s  th e  o n ly  (u p  to  r i g h t  u n i t  f a c t o r )
U )  (°Q
i n f  p r in e  i f  o( /  0 ,  T o r - i f  a i s  a n  i n f  p r i n e ,  t h e n  b e c a u s e  clin x -
z  h a s  no n o n -z e ro  c o n s t a n t  t e r n  by Lemma 2 4 , Ilence z  = ms w here n  i s
a. m onom ial and s h a s  a  n o n -z e ro  c o n s t a n t  t e r n .  S in ce  z i s  an  i n f
p r in e  and s in c e  d i n  s < «*> (by  Lemur. 2 4 ) ,  s  m u s t be a  u n i t  ( s e e  L e m  a 1 9 ) ,
ilen ce  we may assum e t h a t  a h a s  th e  fo rm  .: = m = x ,  , , . x  , .  S in c e  x  ,
*1  °hz *
i s  a n o n - u n i t  i t  f o l lo v /s  (by th e  d e f i n i t i o n  o f  i n f  p r im e )  t h a t
x ,  « , , x .  € I f  <  th e n  z 6 k ^ “ "^ v/iaich i s  im p o s s ib l e ,
^ 1  Kk -1  iC
I f  < ,  th e n  x ,  i s  a  n rim e and  z i s  a u n i t  i n  II , and  t h i s  i s
°V. c 'V .-l
A .n o t  o s s i b l c ,  t h e r e f o r e  o(,_ = o(. I t  f o i l  v/s t l v t  x = x ,  ( x .  • • • x ,
I: 1
The r i g h t  f a c t o r  i s  a u n i t  an d  h en ce  z mid x ^  a .re  r i g h t  a s s o c i a t e s ,
n e x t  v/e n o te  t h a t  = ®<, f o r  Lcnmr. dO shov/s t h a t  o( iiov/
k  = k^—^  so  t h a t  k = ( - (^ ) ) *  ^  d i e r e f o r e  k  -  k ^ «  I t
f o l io v /s  t h a t  k  ■- k ^ * ^  = , . ,  ,  However i s  th e  l e a s t  o r d i n a l  su c h  
t h a t  k ^ O ^  = k ^ ° ^ +^ = s  , , ,  by  d e f i n i t i o n .  C o n s e q u e n tly  ^  £  c< and  h e n ce  
o{ o = °<»
.ie a r e  now a b le  to  s t a t e  Theorem  5 f o r  th e  p r e s e n t  exam ple  
as  f o l l o w s .  The l e t t e r  3 d e n o te s  th e  s e t  o f  p lo y n o m ia ls  o f  H w i th
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n o n -z e ro  c o n s t a n t  t e r n s  ( s e e  L e n ta  2 4 ) .
'Jh e o re n  S la c h  n o n -z e ro  p o ly n o m ia l £  ^  2  c a n  be  w r i t t e n  a s  
n-, ni.
£  -  x / . . , x  . 's  w h ere  n  a r e  p o s i t i v e  i n t e g e r s ,  o4 >  • • •> ,* ',  > 0 , and
**■« °vj. i  1
s e 3 ,  T h is  e g r e s s i o n  i s  u n iq u e  i n  th e  s e n s e  o f  T h eo ren  5 .  T h a t i s ,
n , mu _
i f  f  = Xo •* ,: :»  r  i s  a n o th e r  su c h  f a c t o r i z a t i o n  th e n  h  = k ,  o(. = p. and
1 Ph  1 i
n .  = n .  ( i  = 1 , 2 , . . . .  k ) ,  and  t h e r e  i s  a u n i t  u  <? R s u c h  t h a t  s  = u r ,  
l a .  '  ’
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3 .4  An exam ple  i n  th e  n o n -D e z o u t c a s e
I f  II i s  n o t  a  r i g h t  B ezou t d o n a in ,  v;e s h a l l  show by  exam ple 
t h a t  so n e  o f  th e  d e s i r e a b l e  p r o p e r t i e s  ( e . g .  L ennas 20 a n d  2 1 )  need  
n o t  h o l d .  I f  r  i s  a n  a r b i t r a r y  i n t e g r a l  d o n a in  v/e c a n  d e f i n e  d in  a 
( a < d * )  to  be th e  su p  o f  th e  l e n g t h s  o f  t h e  c h a in s  i n  {ad , d"] wliere 
{ a d , d ]  i s  t h e  s e t  o f  ; > r in c ip a l  r i g h t  i d e a l s  o f  d  t h a t  c o n ta i n  a ll .  
H ow ever i f  d  i s  n o t  a  r i g h t  B e z o u t dom ain  i t  s e e n s  u n l i h e l y  t h a t  
d* = { a e d {  d in  a 4 ^  n e c e s s a r i l y  i s  a  r i g h t  q u o t i e n t  n o n o id  ( se e  
Lenma 1 7 ) .  -he  c o n s t r u c t i o n  o f  a  J - c h a i n  em p lo y s th e  n o t io n  t h a t  i f  
d '  h a s  th e  r i g h t  q u o t i e n t  c o n d i t io n s  and i f  K = d ( d ’ ) \  t h e n  IV h a s  
th e  r i g h t  q u o t i e n t  c o n d i t i o n s ,  - h e r e f o r e  i t  w ou ld  be  d i f f i c u l t  to  ex ­
t e n d  t h i s  c o n s t r u c t i o n  t o  n o n -B e z o itt d o m a in s . H ow ever v/e c a n  s t i l l  
d e f i n e  i n f i n i t e  p r im e s  a s  u s u a l .  L e t d  be an  i n t e g r a l  d o n a in  and l e t
k
3 C -I be  a  r i g h t  q u o t i e n t  n o n o id  i n  d .  ;\n e le m e n t  x  <=d i s  c a l l e d  an  
3 -p r im e  i f f  x d  i s  m axim al i n  th e  s e t  {xd {x  £11^ s j .  he c a l l  d * - p r in e s  
i n f ^  p r in e s  a s  u s u a l ,  and  i f  d ^  e x i s t s  f o r  some n o n - l i n i t  o r d i n a l  
o( a s  i n  S e c t io n  3 .1  t h e n  xye may s p e a h  o f  i n f ^ ^  p r i n e s .
L e t d  b e  a  l o c a l  P d l d o n a in  w i th  m axim al i d e a l  p d  s u c h  t h a t
{o \ /  a d  = ^ P 0pnd  ( f o r  exam ple  v/e ca n  l e t  d  b e  t h e  dom ain  d e s c r ib e d
by  Cohn i n  [ 5 ,  p .  59sl[ o r  v/e c a n  c o n s t r u c t  d  by  t a h i n g  5 f=  2 i n  th e
l a s t  exam ple  and  l o c a l i z i n g ) .  I f  x  €  d  th e n  dim  x  = <*> i f f  x d  C ? \ n nd .
n=0A
Ilence  d \ d '  = a ll .  H ie r e f  o r e  a  i s  th e  u n iq u e  (up  to  r i g h t  u n i t  f a c t o r )  
i n f  p r im e  o f  d .  C hoose z  6 d  su c h  t h a t  a. = p z .  Then dim  z  = and
s o  z  = a t  f o r  some t € R .  Thus a = p a t .  E v id e n t ly  t  i s  a u n i t ,  o t h e r ­
w is e  a ll £  p a d  c o n t r a d i c t i n g  th e  f a c t  t h a t  a  i s  a n  i n f  ^  p r im e .  Ibv/ 
a d  i s  an  i d e a l  s in c e  p d  i s  a n  i d e a l .  H ius d a  C a d .  He d e f i n e  <r on  d
by r a  = a r° "  f o r  e a c h  r e R .  I t  i s  e a s y  to  c h e ck  t h a t  < r i s  a m o n o n o r- 
p h i s n  o n  R , -  a ,  and  p ^ i s  a u n i t  Cp7_= t " 1 ) .
L e t 11 = r£ \x ,< ^ 3  be  r i n g  o f  skew  fo rm a l  pow er s e r i e s  i n  
x  w i th  c o e f f i c i e n t s  i n  R ( w r i t t e n  o n  th e  r i g h t  o f  x ) ,  A d d i t io n  i s  
p o in tw is e  and  m u l t i p l i c a t i o n  i s  d e te rm in e d  by th e  a s s o c i a t i v e  and  
d i s t r i b u t i v e  law s a n d  by  th e  c o m m u ta tio n  r u l e  r x  = yjr<r ( r  e-R) j u s t  
a s  i n  th e  p o ly n o m ia l  c a s e .  Then II i s  an  i n t e g r a l  dom ain  w ith  th e  p ro ­
p e r t y  t h a t  e a c h  n o n -z e ro  e le m e n t i n  II i s  a u n i t  i f f  i t  h a s  a  u n i t  
c o n s t a n t  t e r n  i n  R ( s e e  J a te g a o n k a r  [ 7 ] ) •
oO
Lemma 27 1 ) a ll + x ll = jAqP II, 2 ) all A x ll = x a ll  = ax il, and
3 )  a l l  + x ll i s  n o t  a p r i n c i p a l  r i g h t  i d e a l .
P r o o f .  B ecau se  a = p a t  = p 2a t 2 = . . .  n d  x  = p x t  = p 2x t~  = . . .
oo 00 n
i t  f o l lo v /s  t h a t  a. and  x  b e lo n g  to  anc':‘ t h e r e f o r e  a ll  + x ll  C jQqP
O
To p ro v e  th e  r e v e r s e  i n c l u s i o n  su p p o se  g £  Q jp n II, Ue c a n  w r i t e  g i n
— — _  <*> _
th e  fo rm  g = b + xg  w h ere  b e R, g e K . Then b = g -  xg  €  Q jp  II, Ilence
CO
b 6 n<3opn R = aR . C o n s e q u e n tly  g e  aJI + x l l .  Thus 1 )  i s  e s t a b l i s h e d ,  how 
ax = x a  b e c a u s e  a 0-- = a .  T h e re fo re  x a  e  x ll A a ll an d  x a ll  C xII A  a l l .  I f  
x f  = ag  £ x ll A  a ll  t h e n  c l e a r l y  g c a n n o t  h a v e  a  c o n s t a n t  te rm , so  t h a t  
g = xg f o r  some g e i l .  T h e re fo re  x f  = ag  = rx g  = x a g fc x a l l .  b u s  
x ll A a ll  C x a ll  and  2 ) i s  e s t a b l i s h e d .  To p ro v e  3 )  su p p o se  t h e r e  e x i s t s  
d<£ II su c h  t h a t  a ll + x ll = d ll. Then a = dg f o r  some g e i l .  O b v io u s ly  b o th
d and g b e lo n g  to  R b e c a u s e  a  b e lo n g s  to  R, We c la im  t h a t  d £ R > u R ,
f o r  i f  d e a R ,  t h e n  s in c e  x & d K  i t  f o l lo v /s  t h a t  a ll .  L e t  f e l l  su c h  
t h a t  x  = a f .  C l e a r l y  f  m ust b e  a m o n o m ia l, s a y ,  f  = xb (b  & R ) . .h en  
x  = axb  = x a b ,  l  = a b , an d  a i s  a  u n i t .  T h is  c o n t r a d i c t i o n  show s t h a t
d 6  R \  aR. I t  f o l lo w s  t h a t  d  = p ^ t  w liere  u  i s  a  u n i t  i n  R . C o n s e q u e n tly
4s
:d ' + a ll = pn K c o n t r a d i c t i n g  p a r t  1 ) .  I t  f o l lo w s  t h a t  ::IC + ah i s  n o t  
a  p r i n c i p a l  r i g h t  i d e a l .  ■ dD .
'fc
Lemma 2G L e t f & h  ,  Then dirij.- f  <  « o ifx  x h a s  a  n o n -z e ro
c o n s t a n t  t e r n  b  sttch  t h a t  d in -, b  < ° o .
P r o o f .  .Assume d i n -  f  L e t  f  = b + x f  (b  <=d. f  I I ) .  h e n  s in c e
d i n -  x  = i t  f o l lo w s  t h a t  b  /  0 .  I f  b ^ a d  t h e n  f  6  a h  + XL = f \ p nX i~ n =0
and  t h i s  i m p l ie s  t h a t  dim  f  = c>o ,  a  c o n t r a d i c t i o n .  Ilence b e  A 's a  ’, 
and  t h e r e f o r e  d in r , b ^ » o  .  C o n v e rs e ly  assum e f  h a s  a n o n -z e ro  c o n s ta n t  
t e r n  b su c h  t h a t  d i n ^  b 4  ,  rIh e n  b £ d " -ad  s o  t h a t  b  = p:\ i  w here  u  i s
sone  u n i t  i n  d .  f n e n  f  = p 1^  + :d: = pnu ( l  + n ^ x ^ n 11)0"” t h e  l e f t
f a c t o r  L as f i n i t e  d im e n s io n  an d  th e  r i g h t  f a c t o r  i s  a  u n i t  i n  L« 
t h e r e f o r e  d i n . , f  ^ °o . .  ■ UD.
Lenma 22 and  th e  f i r s t  p a r t  o f  Lenma. 27 t o g e t h e r  y i e l d  th e  
f o l l o w i n g .
C o r o l la r y  h \ h ’ = a h  + :d h
Lemna 29 Ahe s e t  h ’ i s  a  r i g h t  q u o t i e n t  n o n o id .
P r o o f .  C l e a r l y  0 £  K*, l e r . *  and  f g  e h *  i f f  f ,  r e : : ' .  L e t  
f  €  II and  g v/e m is t  f i n d  f € . h ,  g e h 1 s u c h  t h a t  f g  = g F . .ve c o n ­
s i d e r  two c a s e s .
C ase 1 :  A ssune g & d .  L e t  f  = b Q + ;:b 1 + . . .  .  S in c e  d in p v g <( -o ,
i t  f o l lo v /s  t h a t  g'7" i s  a  u n i t  i n  d .  Choose b 0 , g £ d  w i th  din--, g ' -o
su c h  t h a t  b Qg = gbQ ( t h i s  i s  p o s s ib l e  b ee  u s e  d* i s  a  r i g h t  q u o t i e n t
•M 1 mm
n o n o id  i n  d ) .  L e t  ^  = (gcr)~“ b ;Lg ( i  = 1 ,  2 ,  . . .  ) ,  a n d  l e t
T  = b Q + xb., + . . .  .  'Ihen  f g  = g f  and g 6 h ' .
C ase 2 :  L e t g be a r b i t r a r y  i n  11’ .  .hen g = p ^ i  + x g ’ w here
u i s  a  u n i t  i n  d  and  g 1 £ IC (by  Lenma 2 2 ) .  L e t  h  = 1 + u",“x ( ( p n )°"j‘*1g * .
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J ic n  g = pnuli an d  h i s  a  u n i t  i n  11. By c a s e  1 we c a n  f i n d  f  * fell and  
g e l l '  su c h  t h a t  f g  = (pnu ) f , » L e t 1  = h “ ”f T h e n  £g  = g£ .  BD.
B ecau se  a  i s  an  i n f p r i m e  i n  d  i t  f o l lo w s  t h a t  a  i s  an  
i n f  p r im :  i n  11. A s im p le  a rg u m en t show s t h a t  i s  an  i n f  p rim e 
i n  II. A lso  i t  f o l lo w s  by  th e  c o r o l l a r y  t o  Lemma 2 0 , Lemma 2 9 , and 
Lemma 11 t h a t  L = 11(11')” “  i s  a  l o c a l  d o m ain , t h u s  L enuas 20 an d  21 
do n o t  h o ld  f o r  th e  p r e s e n t  e x a m p le .
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ChAPiiiR IV
APPLICATION 00 F I HITS DIMSIISIOIIAL ULAMiiNTS IN n  AIGN'B3Z0UT DOMAIN
4 .1  U nique f a c t o r i z a t i o n  and, s i m i l a r  p r im e s
I n  t h i s  s e c t i o n  we u s e  th e  F a c t o r i z a t i o n  lemma to  o b t a i n  some
r e s u l t s  c o n c e rn in g  p rim e f a c t o r i z a t i o n  i n  a  r i g h t  B ezou t dom ain  II. F o r
t h i s  p u rp o se  we s h a l l  p ro c e e d  to  c o n s t r u c t  a n o th e r  c o l l e c t i o n  o f  r i g h t
q u o t i e n t  m onoids i n  R.
L e t P be  a s e t  o f  p r im e s  i n  A su c h  t h a t  e a c h  p rim e i n  R i s
s i m i l a r  t o  one and o n ly  one member o f  P . F o r a n  a r b i t r a r y  s u b s e t  A o f
P we c o n s id e r  th e  s e t  3 o f  f i n i t e  d im e n s io n a l  e le m e n ts  z o f  R su ch
A
t h a t  z  h a s  no p rim e  f a c t o r  t h a t  i s  s i m i l a r  t o  any member o f  A.
Lemma 30 L e t R be a  r i g h t  B ezou t d o m ain . L e t A CP w here
A and P a re  th e  s e t s  d e s c r ib e d  i n  th e  l a s t  p a r a g r a p h ,  th e n  S i s  a 
r i g h t  q u o t i e n t  m ono id .
P r o o f .  C le a r ly  0 3^  and 1 ^ -S ^ . Now a £ R ,  a /~ a  im p l ie s
a e 5^  f o l lo w s  fro m  Theorem 2 .  I t  i s  a l s o  t r u e  t h a t  ab £ S  i f f  a .  b e 3  .
A A
I t  th e n  f o l lo w s  fro m  th e  se c o n d  p a r t  o f  Lemma 7 t h a t  3 i s  a r i g h t
A
q u o t i e n t  m ono id . .)AD,
I f  A = P*>{p^ w here p £ P ,  v/e s h a l l  d e n o te  3 ^  by S *f and  i f
A = fp \  i th e n  we s h a l l  d e n o te  3 by  3 .  de n o te  t h a t  i f  p  i s  a  p rim e
P
— 1i n  a  r i g h t  B ezou t dom ain  R th e n  K = R(S ) i s  a r i g h t  B e z o u t dom ain
P
w ith  th e  p r o p e r ty  t h a t  a l l  p r im e s  o f  It a r e  s i m i l a r  t o  p .
D e f i n i t i o n  An e le m e n t  a  i n  an  i n t e g r a l  dom ain  R i s  c a l l e d  
p -p r im a ry  i f  a  i s  th e  p r o d u c t  o f  p r im e s  t h a t  a re  s i m i l a r  to  p  w here 
p i s  a  prim e i n  R.
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r n  r r i - h t  :Jc.-:o«t c lona in  .1 th e  s e t  3 ' i s  j u s t  th e  s e t  o f  e le m en ts
n
o f  t h a t  a r e  e i t h e r  p -p r im r .ry  o r  u n i t s .  how i t  i s  o b v io u s  t h a t  e a c h  
e le m e n t z i n  3 ' i s  t h e  p ro d u c t  o f  - p r i n a r y  r le n e n ts  v /here p  a re  th e  
p rim e s  t h a t  o c c u r  i n  a f a c t o r i s a t i o n  o f  z ,  b i t h  an  . .d d i t i o n a l  h y p o th e s i s  
we a r e  a b le  to  e s t a b l i s h  u n iq u e n e s s  o f  t h i s  p r in a r y  f a c t o r i z a t i o n  i n  
two d i f f e r e n t  r e s p e c t s .
theorem. 9 . .e t  d  be a  r i q h t  b e z o u t  d o n a in .  L e t = r.n . . . a ^
P1 n
be a f a c t o r i z a t i o n  o f  :: i n t o  o . - p r im a r y  e l e n e n t s  w ith . p. o* u .P£ i  j
w hcnevc:: i  /  j ,  Then th e  f a c t o r i z a t i o n  o f  z  i s  u n iq u e  i n  th e  s e n s e  t h a t
i f  z = b n • • • b  i s  a n o th e r  such, f a c t o r i n a t i o n  o f  z th e n  t h e r e  a r e  
' i  n
u n i t s  u t ,  . . . ,  u ;> 1  i n  3 ouch  t h a t  a p = bp  u , a  = , and
l i n n
\  = Ui - i bP i l;L ^  ^  l '  n )#
P r o o f .  Le ; z  -- r.„ . . .  z,^ = b .% . . . b  be two u r in a r y  f a c t o r i z a -P„ P P. p a n  1 *n
t i o n s  o f  z su c h  t h a t  p . o ^ p .  i f  i  ^  j .  L e t x 1 = a^  . . .  - , s  = a  ,
1 J ' 1 n - l  '■ pn
x  = b  • . , b D ,  s ..  = b  and 3 = 5 *. d ie n  th e  h y p o th e s e s  o f  th e
; 1 ' n - l  " ' n  n
se co n d  p a r t  o f  th e  f a c t o r i z a t i o n  lc::v:.i a re  s a t i s f i e d  and h e n c e  x  = :u u
1 -
f o r  so n c  u n i t  u  € d .  .Hieore: . 9 now f o l lo w s  by i n d u c t i o n .  q.3J.
b e fo r e  s t a t i n q  th e  n e x t  th e  o re -l v:e n o te  t h a t  i f  .1 i s  a  w e-l:
b e z o u t d o n a in  and z  €  V th e n  th e  num ber o f  p r im e s  t h a t  a r e  ( p a i r w i s e ) 
d i s s i m i l a r  i n  a u r in e  f a c t o r i z a t i o n  o f  z i s  i n v a r i a n t  i n  any p rim e 
f a c t o r i z a t i o n  o f  z ( s e e  th eo re m  l ) .
I h e o r e n  10 L e t I be a r i q h t  D ezou t d o n a in .  I f  z i s  a n o n - u n i t
i n  d* an d  z  = a , . . a p  = b (, . . . b r  a r e  two p r i n a r y  f a c t o r i z a t i o n s  o f  z
1 n  1 m 
su c h  t h a t  a  i s  p . - p r i m a r y ,  b f, i s  - p r im a r y , p.  '>. i f  i  ?  j , and
i  “ i  1 J
i f  i  ¥  j  th e n  n = n  and  t h e r e  i s  a p e r m u ta t io n  Tf on  2 » ^
su c h  t h  .t  a  /~ 'b  ( i  = 1 , 2 , . . . ,  n ) .
i  lT ( i )
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P r o o f .  Su’v o s e  a  . . . a  = b . . . b  a s  i n  th e  h y p o th e s e s ,  T h a t
11 n  q l  ‘m
n = n  fo l-io w s fro ra  th e  p r e c e e d in g  r e n a r k s .  Co p ro v e  u n iq u e n e s s  up  t o
s i m i l a r i t y  we i n d u c t  on  n .  I f  n = 1 th e r e  i s  n o th in g  to  p r o v e .  I f  n  = 2
th e n  a  rv = b b , I f  p t h e n  a_ -  b  u f o r  some u n i t  u & l\ by th e
P i 2 q l  q 2 1 1 P1 q i
F a c t o r i z a t i o n  lem m . ( l e t  B be th e  s u b s e t  o f  P c o n s i s t i n g  o f  th o s e  an d
o n ly  th o s e  p rim e s  t h a t  a r e  s i m i l a r  to  some member o f  ^ p 2 » , l e t
A = P ^ B ,  S -  3 , x  = a  , x  = b  , s = a , s  = b , and  a p p ly  th e
J- 2 CI^ J- *2 2
se c o n d  n e x t  o f  th e  F a c t o r i s a t i o n  l e r u i a ) .  i f  p q th e n  a  Tl + b £1 = H
1 1 !  q i
( o th e r w is e  a. .nd b  w ou ld  h av e  n common p rim e f a c t o r ) ,  b e t  : i e l  
P1 ql  _
su c h  t h a t  a  11 A b A = mA, a ti b  = b a  = m. th u s  a  a t b q r~>b .  Mow 
P1 ''1  1 q i  _  P1 1
a  a E m l so  t h a t  a  a n = b  b = p. b r  = bn a r  f o r  some r ^ A .  Hence
Pl  P2_  J>! P2 qx q ,  P ,  q x
a  = b r  an d  b = a r .  I f  r  h a s  a  p rim e f a c t o r  th e n  t h a t  p rim e  f a c t o r
2 ~2
m ust be s i n i l p . r  to  b o th  " 0 and q 0 , i . e . ,  p ^ /^ q  an d  h en ce  p ,v q  , a c o n -
“ ^ 2 1 1
t r a d i c t i o n .  Hence r  i s  a  u n i t .  I t  f o l lo w s  t h a t  a ^ b  an d  b a  .
1 q 2 p 2 .
L e t  z  = a ^  • •••> , = b . . . b  w i th  n  -z 3 and  assum e t h a t  t h e
P1 n % p„ 
th eo re m  h o ld s  f o r  i n t e g e r s  l e s s  th a n  n .  I f  p ^ /^ q  th e n  a g a in  we f i n d
a  = b n u f o r  some u n i t  u <?A by th e  F a c t o r i s a t i o n  lemma, ( l e t  B be th e
1 '1
s u b s e t  o f  P c o n s i s t i n g  o f  th o s e  and  o n ly  th o s e  p r im e s  t h a t  a r e  s i m i l a r  
t o  some member o f  ^ p 2 , , . . . ,  Pn , .q 2 , q ^ ,  l e t  A = P —13, 3 = 3 ^ ,
X1 = a o » X2 = * S1 = a P • • * an * s ? = Hence
L1 *1 p 2 pn  2 n
a n . . . a  = u _1b • • • b  and  th e  th eo re m  f o l lo w s  by  i n d u c t i o n .  I f  p  <~Aq
' O 1 •_ 4_ 1 12 n  2 n
th e n  P - j^ q ,  w here k > l .  th e n  f o r  e a c h  i  £  k - l ,  a 11 + bq . . . b 0 A = A,
P1 1 ' i
and A O b  . . . b q .1 = m. 11 w here  m. = a., b .  = b  . . . b  a . f o r  some 
1 hi i  1 1 ; 1 1 qi  qi  X
b i»  a i  ^  II. Hence a How z C m .l l  so  z = a ^ r -  = b . . . b  a. r .  f o r
1 1 1 qi
some r_^€ 11, Hence b • • • b q = a ^ r ^ .  In  p a r t i c u l a r  b q . . . b q  =
q i + l  n  b.; n
o in c e  a .-_ ^ ^ a 1:) th e  p rim e  f a c t o r s  o f  a  _ .. a r e  s i m i l a r  to  p  and  s i n c e  
- 1 1
P ~ q , .  t h e  p rim e f a c t o r s  o f  b  a r e  s i m i l a r  to  p . .  I f  ; = n  th e n  r ,
1 *■ q7. i  k - i
4G
i s  a  u n i t .  I f  ! : < n ,  l e t  3  be th e  s u b s e t  o f  P c o n s i s t i n g  o f  th o s e  end 
o n ly  th o s e  p rim e s  t h a t  r.re s i m i l a r  t o  some member o f  • • • »  *
l e t  A = P \ D ,  S = 3 , x  = b , x 0 = ,  s = b . . . b  ,  s 2 = r  .
A 1 \   ^ k i  i  q]:+1 .n  k -x
Tiien by th e  se c o n d  p a r t  o f  th e  F a c t o r i s a t i o n  lemma we o b t a i n  a  u n i t  u  <£ R 
su c h  t h a t  b  = a  u .  Hence i n  e i t h e r  c a s e  b = a. , u  f o r  some u n i t  u
q.. h - l  %. ^~1
•aid ub . . . b  = r ,.  , (u  = r  . i f  h = n ) .  . a s o  a — 'b  s in c e  a ^ / a
q : ; f l  n  “ -1  - 1 P3 %  -Di L
How S> . . .  m m. H and so  n .  „ = m.m. f o r  some m. £ -I. Then 
lc-1  1+1 1 1  1
a  b . , = n .  , = n .m . = a  b .m . and  h en ce  b . „ = b .m . .  Hence p^ l + l  i + l  i i  p^ i  i  l + l  i i
b, = b ,m 1 . . , r i 1. 0 (b. = b 1 i f  = 2 ) .  From m. = m.m. we a l s o  o b t a i nx X .I—x. -L i+l 1 x
\,"*bq. n-l ■ "i*l ■ “A  ■ br •••VEiV  *Ims bo. Hn * ai‘V1 1+1 1 1 '1+1
S in c e  a . a .—' a . i t  f o l lo w s  by in d u c t io n  t h a t  b  <—• m . .  S in ce
1+1 pi  1 _  V i  1
z  = a p _ . . . a p = - p b ^ r , . ^  , b.__i = b n , . . . p .  and  r  -  u b  . . . b ,
-  n  1 "  -  .:+ ! '■‘n
\/e o b t a m  a  •••< ' — b-m p . . .n , .  , ub  . . . b  ( a  . . . a  = b - n  . . .m  u
Po P + 1 o-z. n. n p l  i2 n  H;+l hn p2 1 n  x “  -
i f  !; = n ) .  I t  x o llo w s  by in d u c t io n  t h a t  th e  members o f  th e  two s e t s
■^a n * • • • »  ' n \  anc  ^ » n q » • • • »  n1. "» -5 \
\  2 _  n  _  y  qh + l n
• • • »  i f  I: = n )  may be 'a i r e d  I n to  s i m i l a r  ■ la irs . S in c e
b ^ b , ,  and n.<~b the members o f  the s e t s  £ a  , . . . ,  a \  and 
-  1 1 ' i + l  <- 2 Pn l
V°c: » • • • »  » b r- t • • •»  I  C $b , . . . ,  b... ? i f  !: -  n ) nay 1
'1 b- 1  ' ':+ l  hi > '1 ' h - l
paired  i n t o  s im ila r  p a ir s .  .VSD.
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4 ,2  ilxampie
: .f  d  i s  a co m m u ta tiv e  r i g h t  B ezou t d o n a in  th e  h y p o th e s i s  i n
theo rem  9 i s  t r i v i a l l y  s a t i s f i e d .  However i n  g e n e r a l  t h i s  h y p o th e s i s
n e e d  n o t  h o l d .  I t  i s  a l s o  t r u e  t h a t  th e  number o f  p r im a ry  f a c t o r s  i n
p r im a ry  d e c o m p o s itio n s  o f  an  e le m e n t may v a r y ,  The fo l lo w in g  exam ple
which i s  c o n s id e r e d  by Johnson i n  [ ]  i l l u s t r a t e s  such  phenomena.
B e fo re  p ro c e e d in g  v/e s h a l l  n e e d  a  lem m a, i f  n , .  p a reI n
p r im e s ,  th e n  z = p^ ,  • • Pn c a l l e d  a  r i g i d  f a c t o r i z a t i o n  o f  z and z
i s  c a l l e d  r i g i d  i f  th e  on.ly o t h e r  p r in e  f a c t o r i z a t i o n s  o f  z have  th e  
-1  -1fo rm  z = (p jU ^ )(u  p 2u 2 ^»• •  (u n - i w h e r e  Uj_, u n_^ a r e  u n i t s  i n  d
( t h i s  te rm in o lo g y  i s  u se d  by Cohn i n  and ) .
Lemma 32 L e t d be a v/e a): B ezou t d o m ain . L e t p and q be
p rim e s  i n  d  su c h  t h a t  p q , q p , p , q^ a re  r i g i d .  I f  n  > U and  Qj
( i  = 1 , 2 , n ) ,  th e n  z = r  . . . r n  i s  r i g i d .
P r o o f ,  The p r o o f  i s  by i n d u c t i o n .  I f  n  -  1 o r  n  = 2 t h e r e  i s
n o th in g  to  p ro v e . Assume n  Z  3 and l e t  z = r ,  , . . r  = s 1 , , . s  w here s .1 n  l  n  i
a re  a r b i t r a r y  p r im e s  and r .  6 | p ,  q] .  S in ce  d i s  a  v/e ah B e z o u t dom ain  v/e
n a y  choose  d ,  n ,  r ^ , s  €. d  su c h  t h a t  r ^ d  + s ^ d  = d d , r ^ d  A  s ^ d  = rid , and
n  = r ^ s ^  = I f  r 1d = s ^ d  th e n  r^ and  s^  a r e  r i g h t  a s s o c i a t e s .  Can­
c e l l i n g  th e s e  f a c t o r s  i n  z th e  lemma fo l lo w s  by i n d u c t i o n .  Hence v/e assum e 
t h a t  r ^ d  /  s ^ d .  Then r ^ d  £  dd  and  so  dd  = d  s in c e  i s  p r im e . Hence
and t h e r e f o r e  s ’,  i s  p r i n e .  How z < ? r d  A s ,  d im p l ie s  t h a t  r„  . . . r  = r  sVx
1 1 1 1 n  1 1
and h e n c e  ^ . . . r ^  = s ^ x  f o r  some x £ d ,  A p p ly in g  i n d u c t io n  we o b ta in  
*L> = s ^u  ^ o r  some u n i t  u f R ,  From r ^ s ^  = s ^ r ^  we o b ta in  = s i r i u#
.Again by in d u c t io n  th e r e  i s  a  u n i t  v  e d  su ch  t h a t  = s 1v .  t h e r e f o r e  
r ^ d  = s ^ d ,  a c o n t r a d i c t i o n .  QBD.
L e t d  = F |x ,v 3  be th e  r in g  o f  skew p o ly n o m ia ls  d e s c r ib e d  e a r l i e r
50
i n  C h a p te r  1 ,  w here F = Z ^ t )  i s  a  t r a n s c e n d e n t a l  e x te n s io n  o f  Z2 , th e  
r i n g  o f  i n t e g e r s  m odulo 2 .  We t a k e  c r t o  b e  th e  endom orphism  on  F d e f in e d  
b y  a**" = a2 .  Thus II i s  a  PHI dom ain  ( b u t  n o t  a PLI d om ain ) w i th  m u l-
p
t i n i i c a t i o n  d e te rm in e d  by  th e  fo rm u la  ax  = x a  (a  t  F ) ,
I t  i s  o b v io u s  t h a t  i f  a e F  th e n  a  + x  i s  p rim e  i n  R. F u r th e r  t h e
p **2, 1
a q u a t io n  ( a  + x ) ( b  a  ) = b a  (b + x )  show s t h a t  a  + x ~ b  + x  i f  a
and b a re  b o th  n o n -z e ro *  C o n v e rs e ly  i f  0 /  a £ F ,  th e n  a  + x ' / ' x ,  f o r
o th e r w is e  xR + fR  = R, xR fR  = f ( x  a )R , and f ( x  + a )  = x g  f o r  some
f ,  g f R «  Now s in c e  xR + fR  = R ^f m ust hav e  a c o n s t a n t  te rm  u n e q u a l
t o  z e ro *  i h e r f o r e  fro m  f ( x  + a )  = xg we m u st o b t a i n  g = 0 ,  Hence
f  -  0 , a c o n t r a d i c t i o n .
I t  i s  a l s o  i n t e r e s t i n g  to  n o te  t h a t  i n  any p o ly n o m ia l d o n a in
R o v e r  a f i e l d  F f i f  f ^ g ,  th e n  d e g  f  = deg  g .  F o r  f  ~ g  im p l ie s
R / f R ^  V g R  a s  R -n o d u le s  and  t h e r e f o r e  . I s o  as F - n o d u le s ,  H ence R /fR
.aid R/gR m u st h a v e  th e  same v e c t o r  s p a c e  d im e n s io n  o v e r  F .  e v i d e n t l y
th e  d im e n s io n  o f  R /fR  o v e r  F i s  th e  d e g re e  o f  f  b e c a u s e  i f
f  = x11 -i- xn~l a n _ i  + • • •  + ;-q ( w i th o u t  l o s s  i n  g e n e r a l i t y  we assum e t h a t
f  i s  n o n ic )  th e n  {x11” ^ ,  x ,  i s  a  b a s i s  f o r  R /fR  o v e r  F .  o i m i la r
re m a rk s  a p p ly  f o r  g and t h e r e f o r e  deg  f  = deg  g .
I t  h a s  a l r e a d y  b e e n  n o te d  t h a t  1 + x  i s  p rim e  and  i t  c an  be 
2v e r i f i e d  t h a t  t  + x  i s  p r im e .  We s h a l l  now show t h a t  t h e s e  two p r im e s  
s a t i s f y  th e  h y p o th e s e s  o f  Lemma J 2 ,
Lemma 33 I n  R = ( Z g C t ) ) ^ , ^  th e  f o l l o w in g  e le m e n ts  a r e  
r i g i d :  (1  + x ) ( t  + x 2 ) ,  ( t  + x 2 ) ( l  + x ) ,  (1  + x ) 2 , and  ( t  + x 2 )2 .
P r o o f .  lb  show t h a t  ( l  + x ) ( t  * x 2 ) i s  r i g i d  su p p o se  t h a t  
(1  + x ) ( t  + x 2 ) = pq w here  p and q  a re  p r im e s  i n  R . C le a r ly  we may
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a s s u n e  t h a t  p and  q .-.re n o n ic  p o ly n o m ia ls .  By Theorem  1 p i s  s i m i l a r  
to  one o f  Cl + x ) , Ct + x ~ ) and q i s  s i m i l a r  to  th e  o t h e r .  T h e r e f o r e  
t h e r e  a r e  two c . s e s .
2
C ase 1 : deg  p • 2 an d  deg q = 1 .  Then p = d + xc  + x  and
2  nq = a -!• x  f o r  some a ,  c ,  d £ F .  e x p a n d in g  (1  + x ) ( t  + x r)= C d  + xc + x ~ ) ( a  + x )
2
and e q u a t in g  c o r r e s p o n d in g  c o e f f i c i e n t s  v/e o b t a i n  t  = d o , t  = c a  + d ,  
and  ' = a  + o '  w h ich  y i e l d  t 2 ( a 4 + t “ ) = a 6 Cl * a ) .  L e t a  = f / g  w here  
f  and g a r e  r e l a t i v e l y  p rim e  po lyno : t i . . i s  i n  20 { t ] • Chon by s u b s t i t u ­
t i n g  i n  th e  l a s t  e q u a t io n  wc o b t a i n  t 4 g? = f  r( t 2g^ + f 2 + f ^ g ) .  T h e re ­
f o r e  t 4 m u st d iv id e  th e  r i g h t  s id e  o f  th e  l a s t  e q u a t i o n .  B ecau se  f  and  
g a r e  r e l a t i v e l y  p rim e  i t  f o l lo w s  t h a t  t / f ,  s a y ,  f  = t f ’ .  Then 
g7 = t h f ^ C g "  + t f *3 + f , 2g ) ,  and so  t / g ,  a  c o n t r a d i c t i o n .  Tlaat i s ,
C.-se 1 i s  n o t  o o s s i b l e .
C ase 2 :  deg q = 2 and  deg  p = 1 .  Then p = a  + x  and 
2
q = d + xc + x  f o r  some . , c ,  d  E x p an d in g  th e  e q u a t io n
Cl + x )C t  + x ^ )  = Ca + x)C d + x c  + x2 ) and  e q u a t in g  c o r r e s p o n d in g
_ „ n A
c o e f r i c i c n t s  we o b t a i n  t  = a d ,  t  = d + a “ c ,  ond 1 = v. + c w h ich  y i e l d  
tC l  + a ) = a3 Cl + a ) 4 .  I f  1 + a /  0 th e n  t  = O’- ( I  + a ) ) 2 ,  and  t h i s  i s
n o t  p o s s i b l e .  T h e re fo re  1 + a = 0 , i . e . ,  a  = 1 .  I t  f o l l o w s  t h a t  d  = t
• n d  c = 0 ,  H ence p = 1 + x  and  q = t  + x 2 .
S i ia i l r x  a rg u m en ts  a re  u s e d  t o  p ro v e  that* ( t  + x  ) ( l  + x ) ,
2 2 n Ct + x ^ )  , an d  Cl * x ) ^  a r e  r i g i d .  CD.
C om bining  Lemmas 32 an d  33 i t  f o l lo w s  t h a t  any  p r o d u c t  whose
f a c t o r s  b e lo n g  t o  {Cl + x ) ,  Ct + x 2 ) ]  i s  r i g i d .  In  p a r t i c u l a r
z = Cl + x )C t  + X ^ C l  + x )  i s  r i g i d .  A lso  Cl + x )  and  Ct + x 2 ) a re  n o t
s i m i l a r  b e c a u s e  th e y  h av e  d i f f e r e n t  d e g r e e s .  H ence z  c a n n o t  b e  g iv e n
a  p r im  r y  f a c t o r i z a t i o n  o r  th e  ty p e  d e s c r ib e d  i n  th e  h y p o th e s i s  o f
Theorem 9. Finally we note that the number of primary factors in
primary factorizations of a given element is  not necessarily a constant.
2 2For i f  0 /  ?; e F then the equation x(a + x)x ■ x (a + x) contains 
three primary factors on the le f t  side and two primary factors on 
the right side.
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